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Eigenvalue Problem - Strong Formulation

Consider the neutron diffusion generalized eigenvalue problem:
Find the dominant eigen-couple ¢ : O —» R, k¢ € RY, with l#ll12¢q) = 1, such that

( .
—V-(DVp) +Z,0 = 1/keffzf¢ in Q,
3 —D:Ve -n = 0¢ on dQg,
—D.V¢p -n =20 on 0Qy,
\
where:

- 0 cR%d € {2,3}is a compact and decomposable Lipschitz domain

- 00 = 0Qgr U dQy, 0Qr N 0QN = O is the outer boundary of the domain

- D, 24,2 : Q> R" are heterogeneous material properties (with D, 2, = 0)
- p: 00z » R* is the Robin boundary coefficient, or albedo

- n € §%1is the outward unit normal to the outer boundary
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Eigenvalue Problem - Weak Formulation

For a conforming finite-dimensional function space V,(Q) c H'(Q), the discrete weak form of (1)
reads as follows: Find the dominant eigen-couple ¢y, ko € V5, (Q)XR*, with l#nllLz) = 1, such that

1
g dnén dQ"‘j 0 dnén d)’=k— Xr pp &p dQ, Vén € Vi(Q),
6QR eff JQ

jQDC Vy, - VE, dQ + j

Q

or alternatively, introducing bilinear forms a®, b : V,(Q)xV;,(Q) — R™:
Find the dominant eigen-couple ¢, ke € V5, (Q)XRT, with |onllizq) = 1, such that

b (dn, &n) = Kegr a(Pp, &p), Vén € Vp(Q),

where for all ny, &, € V5, (Q)

Za’?hfth‘Fj oNpéndy,

DC VT]h . thd.Q + f
QR

Q

@G, §n) = |

Q
b0y, &) = jﬂzf M En QL .
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Eigenvalue Problem - Variational Formulation

The same generalized eigenvalue problem can alternatively be written in variational form as

b (Np, Mp)

(Pn, Kefr) = argmax ———.

fo e NhEVHR(Q) aQ(nh'nh)
||77h||L2(Q)=1

With this work, we aim at solving this problem on a local reduced basis space V.(Q) = ea’ivz”l Ve i(Q) € V()
exploiting the decomposability of the global domain. For the construction of V.(Q), we proceed assuming

1. ¢n, Kege @are both known

2. Kk is known, ¢;, is unknown

3. ¢n, Kesr are both unknown
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Domain Decomposition AF“

We assume the global domain Q can be decomposed in N € N non-overlapping subdomains (;, such that
— 11Vp : _ ..
Q=U;2Q;, with dQ;noQ;=0 foralli,j€e({l,..,Np}.
For every subdomain ©;, we define an oversampling region Q; c Qf c Q, such that 90} n 9Q; = 0Q; \ 9Q.
Furthermore, we define the outer and inner boundaries
aﬁw = aﬁl NnaoQ, and aﬁi', = aﬁl \ 09,
6(_12:0 = dQ; NndQ, and (3(_1:, = 9Q; \ 9. 90 Qo an’?an/ Q1. 008 =05, ,Q, , 008 =0k Qs 908
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Local Bilinear Forms

For any subdomain Q, c Q, we define a®, b®: V,(Q,)xV;,(Q,) = R such that

a™(op, ) = f D Vop - Vip dQ + j Xq @n $pdQ + fa - 0 onlndy, VYo {n € Vp(Q),
QRrNON,

* *

b (pp, {n) = j Xr @p Cp dQ, Von, Cn € Vr(Q).

*

As long as the coefficients are X = 0, and D, X, > 0, we have that

a‘> > 0,
b = 0.
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Bounding the Eigenvalue

The global eigenvalue k¢ can be bounded from above and from bellow relying on the eigenvalues of
problems defined only on the subdomains ;, and Q;". Specifically, we define

1) the local eigenvalue problem with zero Neumann boundary conditions defined as follows:
Find the dominant eigen-couple ¢, k> € 1, (Q)xR*, with prllL2(q, = 1, such that

b ((P;I:I'i,(h) = kleyf'té aﬂi(¢}1¥'i;€h)r V{n € Vr(Qy),

2) the local eigenvalue problem with zero Dirichlet boundary condition defined as follows:
Find the dominant eigen-couple ¢, k2 € V2 (Qf )xR*, with ||¢,?"||LZ(Q;,) = 1, such that

.o S
b (¢, on) = kee a% (", 0n),  Yon € VR(QD),
where V2 () = {¢, € V,(Q) | Jo,-0a#,Sn = 03. With these, we can prove that

B D Ni T
Keff = OQQI{,(D Kotr < Kegr < Ogilglil(p Kofr = Kege

I



Upper Bound

N,1
Pn

N,1 _ N,2 _ N,3 _ N4 __
kN2 = 0.9776 kN2 = 1.0063 kY3 = 1.0063 kN4 = 0.9776

kege = 0.9905 < 1.0063 = max kb

0<isNp
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Lower Bound

D1
k2t = 0.9556 k22 = 0.9207 k22 = 0.9556

D.i
max keﬂi = 0.9556 = 0.9905 = keff

0<isNp
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.contact me for the complete presentation
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