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Eigenvalue Problem – Strong Formulation
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Consider the neutron diffusion generalized eigenvalue problem: 
Find the dominant eigen-couple 𝜙 ∶ Ω → ℝ, k!"" ∈ ℝ#, with ‖𝜙‖$!(&) = 1, such that

−∇ . 𝐷(∇𝜙 + Σ)𝜙 = 1/k!""Σ*𝜙𝐴+"""
−𝐷(∇𝜙 ⋅ 𝐧 = 𝜚𝜙𝐴+"""
−𝐷(∇𝜙 ⋅ 𝐧 = 0𝐴+"""

where:

- Ω ⊂ ℝ,, 𝑑 ∈ {2,3} is a compact and decomposable Lipschitz domain
- 𝜕Ω = 𝜕Ω- ∪ 𝜕Ω., 𝜕Ω- ∩ 𝜕Ω. = ∅ is the outer boundary of the domain
- 𝐷(, Σ), Σ* ∶ Ω → ℝ# are heterogeneous material properties (with 𝐷(, Σ) ≥ 0)
- 𝜚 ∶ 𝜕Ω/ → ℝ# is the Robin boundary coefficient, or albedo
- 𝐧 ∈ 𝒮,01 is the outward unit normal to the outer boundary

in Ω,
on 𝜕Ω-,
on 𝜕Ω.,



Reference Problem
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𝑘!"" = 0.9905

𝑁#= 23,248

𝜙# =



3/24

For a conforming finite-dimensional function space 𝒱2 Ω ⊂ 𝐻1(Ω), the discrete weak form of (1) 
reads as follows: Find the dominant eigen-couple 𝜙2, k!"" ∈ 𝒱2 Ω ×ℝ#, with ‖𝜙2‖$!(&) = 1, such that

M
&
𝐷( ∇𝜙2 ⋅ ∇𝜉2 𝑑Ω + M

&
Σ) 𝜙2 𝜉2 𝑑Ω + M

3&#
𝜚 𝜙2 𝜉2 𝑑𝛾 =

1
k!""

M
&
Σ* 𝜙2 𝜉2 𝑑Ω , ∀𝜉2 ∈ 𝒱2 Ω ,

or alternatively, introducing bilinear forms 𝑎&, 𝑏& ∶ 𝒱2 Ω ×𝒱2 Ω → ℝ#:
Find the dominant eigen-couple 𝜙2, k!"" ∈ 𝒱2 Ω ×ℝ#, with ‖𝜙2‖$!(&) = 1, such that

𝑏& 𝜙2, 𝜉2 = k!"" 𝑎& 𝜙2, 𝜉2 , ∀𝜉2 ∈ 𝒱2 Ω ,

where for all 𝜂2, 𝜉2 ∈ 𝒱2 Ω

𝑎& 𝜂2, 𝜉2 ≔ M
&
𝐷( ∇𝜂2 ⋅ ∇𝜉2𝑑Ω + M

&
Σ) 𝜂2 𝜉2 𝑑Ω + M

3&#
𝜚 𝜂2 𝜉2 𝑑𝛾 ,

𝑏& 𝜂2, 𝜉2 ≔ M
&
Σ* 𝜂2 𝜉2 𝑑Ω .

Eigenvalue Problem – Weak Formulation
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The same generalized eigenvalue problem can alternatively be written in variational form as

(𝜙2, k!"") = arg max
4$∈𝒱$ &
‖4$‖%!(')81

𝑏& 𝜂2, 𝜂2
𝑎& 𝜂2, 𝜂2

.

With this work, we aim at solving this problem on a local reduced basis space 𝒱9 Ω = ⨁:81
;) 𝒱9,: Ω ⊂ 𝒱2 Ω

exploiting the decomposability of the global domain. For the construction of 𝒱9 Ω , we proceed assuming

1.  𝜙2, k!"" are both known

2.  k!"" is known, 𝜙2 is unknown

3.  𝜙2, k!"" are both unknown

Eigenvalue Problem – Variational Formulation



Domain Decomposition
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We assume the global domain Ω can be decomposed in 𝑁= ∈ ℕ non-overlapping subdomains Ω>, such that

Ω = ⋃:81
;) Ω: , with   𝜕Ω> ∩ 𝜕Ω? = ∅ for all i, j ∈ 1,… ,𝑁= .

For every subdomain Ω:, we define an oversampling region Ω: ⊂ Ω:# ⊂ Ω, such that 𝜕bΩ:# ∩ 𝜕bΩ> = 𝜕bΩ: ∖ 𝜕Ω.

Furthermore, we define the outer and inner boundaries

𝜕bΩ:,@ = 𝜕bΩ: ∩ 𝜕Ω,     and 𝜕bΩ:,A = 𝜕bΩ: ∖ 𝜕Ω,
𝜕bΩ:,@# = 𝜕bΩ:# ∩ 𝜕Ω,    and     𝜕bΩ:,A# = 𝜕bΩ:# ∖ 𝜕Ω.



Local Bilinear Forms
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For any subdomain Ω⋆ ⊂ Ω, we define 𝑎&⋆, 𝑏&⋆: 𝒱2 Ω⋆ ×𝒱2 Ω⋆ → ℝ such that

𝑎&⋆ 𝜑2, 𝜁2 ≔ M
&⋆
𝐷( ∇𝜑2 ⋅ ∇𝜁2 𝑑Ω + M

&⋆
Σ) 𝜑2 𝜁2𝑑Ω + M

3&+∩3D&⋆
𝜚 𝜑2 𝜁2 𝑑𝛾 , ∀𝜑2, 𝜁2 ∈ 𝒱2 Ω⋆ ,

𝑏&⋆ 𝜑2, 𝜁2 ≔ M
&⋆
Σ* 𝜑2 𝜁2 𝑑Ω , ∀𝜑2, 𝜁2 ∈ 𝒱2 Ω⋆ .

As long as the coefficients are Σ* ≥ 0, and 𝐷(, Σ) > 0, we have that

𝑎&⋆ ≻ 0,
𝑏&⋆ ≽ 0.



Bounding the Eigenvalue
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The global eigenvalue kE"" can be bounded from above and from bellow relying on the eigenvalues of 
problems defined only on the subdomains Ω:, and Ω>#. Specifically, we define

1) the local eigenvalue problem with zero Neumann boundary conditions defined as follows:
Find the dominant eigen-couple 𝜙2

;,:, k!""
;,: ∈ 𝒱2 Ω> ×ℝ#, with ‖𝜙2‖$!(&,) = 1, such that

𝑏&, 𝜙2
;,:, 𝜁2 = k!""

;,: 𝑎&- 𝜙2
;,:, 𝜁2 , ∀𝜁2 ∈ 𝒱2 Ω> ,

2) the local eigenvalue problem with zero Dirichlet boundary condition defined as follows: 
Find the dominant eigen-couple 𝜙2

=,:, k!""
=,: ∈ 𝒱2F Ω># ×ℝ#, with ‖𝜙2

=,:‖$!(&,.) = 1, such that 

𝑏&,
.
𝜙2
=,:, 𝜑2 = k!""

=,: 𝑎&,
.
𝜙2
=,:, 𝜑2 , ∀𝜑2 ∈ 𝒱2F Ω># ,

where 𝒱2F Ω># ≔ 𝜁2 ∈ 𝒱2 Ω># ℐ&,→3D&-,0. 𝜁2 = 0}. With these, we can prove that

𝑘E"" = max
FH:H;)

k!""
=,: < k!"" ≤ max

FH:H;)
k!""
;,: = mk!""



Upper Bound
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𝜙#
$,& 𝜙#

$,' 𝜙#
$,( 𝜙#

$,)

k*""
$,& = 0.9776 k*""

$,) = 0.9776k*""
$,' = 1.0063 k*""

$,( = 1.0063

𝑘!"" = 0.9905 ≤ 1.0063 = max
+,-,$I

k*""
$,-



Lower Bound
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𝜙#
.,& 𝜙#

.,' 𝜙#
.,(

k*""
.,& = 0.9556 k*""

.,' = 0.9207 k*""
.,( = 0.9556

max
+,-,$I

k*""
.,- = 0.9556 ≥ 0.9905 = 𝑘!""



…contact me for the complete presentation
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