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ADAPTIVE TRAINING : POD TOLERANCE

err = avg 𝜔!|!# − 𝜔!|!,%
#&

𝒱

,
< tol 𝜔!|!

&

𝜔!|!
#

𝜔!|!,%
#&

tol = 𝜀: avg 𝜔!|!
# − 𝜔!|!

&

𝒱

,
= 2𝜀:Trace cov 𝜔!|!

#& , 𝜔!|!
#& , i ⋅ i

𝒱

the reduced order modeling algorithm selects a space ?𝒱%! ⊂ 𝒱 such 
that the average projection error is bellow a prescribed tolerance

a suitable choice for this tolerance is given by

the trace of the covariance can be estimated using a multi-level or 
multi-fidelity method, consistently with the data assimilation algorithm 
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𝜕;𝜔 = Ro J 𝜔, 𝜓 + 𝜕<𝜓 + =>
=?Δ𝜔 + F, Δ𝜓 + 𝜔 = 0

find 𝜔 = 𝜔 x, y, t , 𝜓 = 𝜓 x, y, t such that

𝜔 x, y, t = 0, 0

given the boundary and initial conditions

(x, y) ∈ 𝜕Ω
(x, y) ∈ 𝜕Ω𝜓 x, y, t = 0,

𝜔 x, y, 0 = 𝜔3 , (x, y) ∈ Ω

𝜕<𝜓3 + =>
=?Δ𝜔3 + F = 0,0Δ𝜓3 + 𝜔3 = 0

and

J 𝜔, 𝜓 = 𝜕<𝜓𝜕@𝜔 − 𝜕<𝜓𝜕@𝜔

Ω

𝜕Ω

0

1

0 1

F = sin(π(y − 1))/2

x

y

C. Mou, Z. Wang, D. Wells, X. Xie and T. Iliescu. 
"Reduced order models for the quasi-

geostrophic equations: A brief survey." (2020)

[MWW20]
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𝜕Ω

0

1

0 1

x

y

high-fidelity physical model constructed considering:

- mid-point discretization in time ∆t = 0.1
- P1 finite elements discretization in space (3969 dofs)

measurement model constructed considering:

- evenly spaced sensor positions (19x19)
- data collection every 10 time-steps

probabilistic model assumes:

- homoscedastic noise 𝝐!)*~ 𝑁 0, σ,𝐈 (σ = 10/-)
- normal initial sample distribution 𝜔3|/* ~ 𝑁 0, ∆/*
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