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DATA ASSIMILATION
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MOTIVATION FOR DATA ASSIMILATION

METEREOLOGY HYDROLOGY
* Weather forecast * Ground water management
* Air pollution studies * Transport of contaminants

[Fig2]

\
02)
|

ll-CI‘

ol *=

Oh

4 Certified Reduced Order Methods for Variational Data Assimilation — Motivation TU/e



VARIATIONAL DATA ASSIMILATION

GOAL OF THE METHOD 1
X X
77 T T X~
» State forecasting IC N 2 *\\ data forecast
L AN \x/ )
* Parameter estimation N Hopt L™
e IC/BC estimation H1
to assimilation window ty
STATE OF THE ART
* Reduced Order Modelling [D. N. Daescu et al. 2006]
e A posteriori error bounds [M. Karcher et al. 2018]
e Optimal sensor location [P. Binev et al 2019]
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VARIATIONAL DATA ASSIMILATION — WHAT DO WE NEED?

ON THE MODEL SIDE

v

* Model of the physical system Parametric PDE :A,x = b,

4D-VAR
Linear functional : Lx = m

e A Data Assimilation scheme

v

* Model of the observation process

v

ON THE EXPERIMENTAL SIDE

* Measurements

Experimental data: d = LxTRUE + ¢
Noise : e~N(0,%)

v

* Noise properties

v
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STRONG 4D-VAR — AN OPTIMAL CONTROL PROBLEM

minJ(u | p,d) = %IILx —d|Z |+ %IIuII% st |a, () = W) + b (W) YPETY

MISFIT  STABILIZATION MODEL

where: \
d € Z : Measurements

u € U : Initial conditions
X € X : Bochner state

_ depends on the trust we
" have in the prior knowledge !

we assume:

d = Lx™VYE + ¢ with noise e~N(0,X)
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PARABOLIC PARAMETRIC PDEs - SPACE-TIME APPROACH

x(t) + Cux(t) = g,(t) inV', ae tel:=][0,T]
x(0) =u in H

from which the variational formulation:

L(a’c(t) + Cﬂx(t),n(t))}[ dt = jl(gu(t),n(t»}[dt v |n(t) |€ |L2(1, V)

(X(O), E)?—[ = (u, f)}( v E € H
Y Y

that can be rewritten as:

a, () = fPX@W) + b, (w, ) VY EY| x€X:=L*UV)NH'UV), ueUcCH
SPACE-TIME WEAK MODEL
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[K. Urban, A. Patera]

SPACE-TIME DISCRETIZATION

let’s consider a P2-P2 discretization in space and P1-P0O in time

K
At
x(t) = Z o1 (t)xy {2y — xk—l»pk,i)j_[ + 7Cu(xk + Xpe—1,Pi,i) = (gwpk,i)}[dt
k;O e Iy
(x ;f) = (u' f)
p(®) = ) (O P e
k=0
| , Ty ()
with xp,x,_; and 7; € P l
|
and cu(x, n) = (Cux,r})j{ g ~ : >
tk—1  tk  lk4 tk-1 Tk lk+1
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DISCRETE LAGRANGE OPTIMIZATION

1 A 2 ,
£, x,p | pd) = lILx = dllf + 5 lu = uP*|, + j, (i + Cux — gy p), dt + (x5 —u,pf ),
a first order optimality condition can be easily derived imposing £ = 0:

( (X, — Xp—1,N)gr + %cu(xk + x4_1,) = f1k<gw77>}(dt Vn €Vg Forward Equation

1 {0, Dk — Prs1)w + %CH(QO; Pk + Pr+1) = {d — Lx,Loyp)z; V¢ € VY  Backward Equation

\ A, YY)y — (W, po)er = A(ubk,lm,u vy €U Gradient Equation

+ px=0and xo =u
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MODEL ORDER REDUCTION
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DISCRETE LAGRANGE OPTIMIZATION - REDUED VERSION

1 2 A 2
_ R bk - R R R R R
L(u,x,plu,d)—EHLx —d||Z+§||u—u ||u+f1<x +Cyux™ — g, )Hdt+(x0 —u,P0>}[
a first order optimality condition can be easily derived imposing £ = 0:

( (xlls - x£—1;ﬂ>}[ + %c#(x,lﬁ + X;ls_l,n) = f,k(gwﬂ%dt vnevg Forward Equation

N\

(@, Pk = Pira)y + Fu(@.PE + Pice1) = (d = Lx®, Loye), Vo € VY Backward Equation

\ Au, W)y — (W, po)ee = A(ubk,lmu Vi € U Gradient Equation

+ pR=0 and x{=u
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PRIMAL AND DUAL ERROR BOUND

7 |l
lx = xR, < AE () = —5—

Ba(w) B0 = inf  sup a, (o, (v, 5)) 150
I R|| < AB(u) = 172l a oex woey ol v, f)”y
L S

we introduce the residuals:

r*(v,&) = —ay (xR, (v, f)) + f(gu"’)}[dt the residuals are linear functionals over
I the test and trial spaces Y and X, their
r?(m) =-—aq, ((p,pR) 4 (d — LxR, Ln)z norm must be intended as a dual norm
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PRIMAL AND DUAL ERROR BOUND

Ir¥llyr = [Ryr]|

=
I
=
&
==
I
PR
N\
=
\—/
I
(o9)
A

Y

—  IrPlls = lIRs7Plls

which norms are employed? U, Y’ and... ?

1, Iy = IIIVII%dt + 118115
I

2 2 .12 112 this term forbids an efficient computation RgrY
- T + /dt + dt
il = lin (5 IIIIIIIIV IIIIIIIIV and therefore, of the dual norm ||r7Y|| 5/
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PRIMAL AND DUAL ERROR BOUND

|7 * 1]
”x . xR”tg < A’ﬁ(‘u) — ﬁtg(:j) < ||r'x||y, = ”.‘Ryrxny
a
Py, .,
o= R, < 8000 = e e Pl = [Regr?]
a

which norms are employed? Y, Y’ and (tg), (tg)'!

1, Iy = fIIVII%dt+ 1113
I

5 5 . S‘thrp can be computed efficiently online with an
Inlltg = In(DHll5 + [ lInll;-dt . : p
g el iterative scheme, this allows ||r ”tg' to be computed

TU/e
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REDUCED BASIS SELECTION - GREEDY POD

WORST RECONSTRUCTION ORTHOGONAL PROJECTION
START: i=0 Ajr (1)
— . < argmax —— " Sk = () — My (1)
VE = {u} Hi EED B i Vi ;
if 0,1 >¢| i++
STOP: . AR . x
RB space 'VI’(‘ D Oi+1 < glelg ” xR”tg - i+1 < Span{vi ’ POD(Sk)}
GREEDY STEP UPDATE STEP
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ADVECTION-DISPERSION 2D
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ADVECTION-DISPERSION 2D

ox Ax(t) +sin(mx,)cos(mx
— +v-Vx(t) =0 onQ:=(-1,+1)? with wv= l (1) . (xz)
at —cos(mxq)sin(mx,)
over the time horizon I = (0, 8) I
0 . . 1 -
we define the linear functional : A5 b F st R :
BN R -
FE R YEEE R A1 N QS
L(p(xltxZIt) = f1<(pr lp(xl'XZ))}[o-(t)dt ‘.:\55::5” | Lt {\Eliigji ' :
Pt et IR IR R
VR TRy e
EEARRRRE R ERESAINE! , D
IR R I B (P L : :
SRS RSN ' '
B NN - w € [10,50]
-1 ; . ‘
7.96 8.00 = 2 ! )
I'p
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ADVECTION-DISPERSION 2D - SOLUTION SHAPE

———— FORWARD SOLUTION ———°' <+«——— BACKWARD SOLUTION
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10% 5

MOR - FORWARD PROBLEM >~ 1g-bound

=N [g-€ITOr

== j-error

10t

Employing the weak-greedy-POD approach we

construct a Reduced Basis space of size 48 : 10°
E ]
dofs spatial discretization =10100 E
= 1071 5
dofs time discretization =801 g ;
:Eﬁ

training set size = 80 1075

trainingtime =4 minutes 25 seconds

1073 4

The effectivity of the bound is independent from

the space dimension and doesn’t exceed a factor 10 107 p > —

Number of Basis
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MOR - BACKWARD PROBLEM > sg-bound

1 W —N— Y-error
10!

Employing the weak-greedy-POD approach we 10°

construct a Reduced Basis space of size 108:
107!

dofs spatial discretization = 10100
dofs time discretization =801

Max Relative Error
=
[}

1073
training set size = 80

training time = 31 minutes 27 seconds 10~

1073
The effectivity of the bound depends, initially, on

the space dimension and stabilizes on a factor 1000 107

20 40 60 80 100
Number of Basis
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CONCLUSIONS
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WHAT HAVE WE ALREADY DONE?

 We developed an effective error bound for coercive parabolic problems
«  We implemented a greedy-POD algorithm for the reduction of the problem

* We extended the greedy-OMP algorithm to space-time states [not shown]

WHAT ARE WE STILL WORKING ON?

* We are testing the 4D-VAR solver based on a Lagrange optimization scheme
 We are improving an error bound for the adjoint problem

* We are developing a gradient free scheme to solve the 4D-VAR problem
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24  Certified Reduced Order Methods for Variational Data Assimilation — References TU/e



THANK YOU FOR YOUR ATTENTION!
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QUESTION TIME!
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BACK UP
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ADVECTION-DIFFUSION-REACTION 1D
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tg
a

ADVECTION-DIFFUSION-REACTION 1D

1.000
0.802

0,604

av 6217 1 av ) Q(Ljﬂﬁ
E—W-F.ul(x_z)a-F,uZU:O on ():= (0,1) t:”‘l’:

we use this problem to study ,B’Zg(u) and its bound B;g’LB )

which applies when c(v,w; u) = (Vv,Vw)4 + (v, W) + Uy...
is coercive:

a
2
. ty vl
ac(ﬂ) = lnf 1 + (,uZ - _1) H 2 O 1.000
VeV 2 ” vv ”:H‘ 0.802
verified when pu; — 2u, < 2m? s

0.010
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ADVECTION-DIFFUSION-REACTION 1D

ov 62v+ ( 1)0v+ — 0o
ot ox2 TP\ TG TV =

from this we obtain the space-time bilinear form

_ ov dv _ 10v
a,(v,) —j; W,W)g_[ +u1(xﬁ s W)g_[dt

62
+j1 (a—xZ, W)H + py (v, W) g dt

inf-sup stability constant of this form on the right
the bound effectivity decreases as a.(u) — 0

Po((ur.p2): 2.0) ¢ inf-sup constant

: effectivity

pape™

C, constants

f2((11,0); 2.0) : zero reaction

Be((27%, j2); 2.0) : fixed convection

10
— d-norm
—»— (ig)-norm

10!

104
0.5 “— o
04—+ A

T T T
0 5 10 15
A1 : convection parameter
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20

T T T
0 10 20 30 40
Hi2 © reaction parameter

TU/e



