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ASYNCHRONOUS DATA ASSIMILATION : AN INVERSE PROBLEM

y = LuTRUE + €
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ASYNCHRONOUS DATA ASSIMILATION : AN INVERSE PROBLEM
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2. VARIATIONAL METHODS
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VARIATIONAL DATA ASSIMILATION : CONSTRAINED MINIMIZATION

1
min J = = — Lu|%- such that
min(p |y) = 5 | lly = Lullj-
DATA MISFIT
where:
y = Luy,; + € withnoise €~N(0,X)
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VARIATIONAL DATA ASSIMILATION : REGULARIZED

_ 1
I,?e‘g‘}g(” y)= 7

where:

y = Luy,: + € with noise

ly — Lull3-

DATA MISFIT

_|_

STABILIZATION

T (W

e~N(0,%)

such that
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VARIATIONAL DATA ASSIMILATION : UNREGULARIZED

. 1 2
Iﬁleljrjlj(ﬂ ly) = > ly — Luflg-1 such that (]V[Mu,l/}) =0 VYeTY
DATA MISFIT WEAK MODEL
where:

y = Luy, + € withnoise €~N(0,X)

the solution of the un-regularized
problem can be obtained employing an

iterative regularization methods
8 [KNSO8]

Hirs+1 = Uk + Gr(Uyx, ¥y) <«—— Landweber iterations [Lan51]
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VARIATIONAL DATA ASSIMILATION : UNREGULARIZED

. 1 2
Iﬁleljrjlj(ﬂ ly) = > ly — Luflg-1 such that (]V[Mu,l/}) =0 VYeTY
DATA MISFIT WEAK MODEL
where:

y = Luy, + € withnoise €~N(0,X)

the solution of the un-regularized
problem can be obtained employing an
iterative regularization methods;
those can be implemented via

Local approaches (Newton’s type methods)

— Global approaches (Particles based methods)
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THE ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

7
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THE ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...
i) Compute the model solution for each particle u(j) :

n

u,(lj) € X such that (]V[u(j)ug),l,b) =0 YWEeETY
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THE ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

ii) Compute the correlation matrices :
P, := sum (Lu,gj)® LuY) — Lu, ® Lﬁn) (-1t

Q= sum (pP oLy — gr@La,) - (- 1)
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THE ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

() ;

iii) Update each particle u,;” in the ensemble:

ud) =1 + QuE + P (y - L)
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3. MODEL APPROXIMATION
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PARABOLIC pPDEs : SPACE-TIME CONSTRAINT

dru(x, t; ) + Fulx, t;p) =0 foranyx € Qc R%and t €I := [0, T]
u(x, 0; u) — up(x, p) =0 foranyx € Q c R%
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PARABOLIC pPDEs : SPACE-TIME CONSTRAINT

dru(x, t; ) + Fulx, t;p) =0 foranyx € Qc R%and t €I := [0, T]
u(x, 0; u) — up(x, p) =0 foranyx € Q c R%

to which corresponds the variational formulation:

J(atu(x, t; w) + Fuulx, t; p), v(x, t))}[ dt=0 V v(x,t) € L>(1,V)
I
(u(x, 0; ) —up(x, w), §(x))ge = 0 v ¢x) € H
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PARABOLIC pPDEs : SPACE-TIME CONSTRAINT

dru(x, t; ) + Fulx, t;p) =0 foranyx € Qc R%and t €I := [0, T]

u(x, 0; u) — up(x, p) =0 foranyx € Q c R%

to which corresponds the variational formulation:

J(atu(x, t; w) + Fuulx, t; p), v(x, t))}[ dt=0 V
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PARABOLIC pPDEs : SPACE-TIME CONSTRAINT

dru(x, t; ) + Fulx, t;p) =0 foranyx € Qc R%and t €I := [0, T]

u(x, 0; u) — up(x, p) =0 foranyx € Q c R%

to which corresponds the variational formulation:

J(atu(x, ) + Fulx, ), v(xt), dt=0 v
I
(ulx, 0; 1) — up(x, 1), §(x))3c = 0 v

that can be written as:

(Muu,l,b)y =0 VYETU
SPACE-TIME WEAK MODEL
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NUMERICAL APPROXIMATION

the infinite dimensional problem can be approximated by Petrov-Galerkin projection

find u, € X € X such that (]V[uug,gbi) =0 forall Y; €YY
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NUMERICAL APPROXIMATION

the infinite dimensional problem can be approximated by Petrov-Galerkin projection

find u, € X € X such that (]V[uug,l,bi) =0 forall Y; €YY
where

X¢ : trial space «— must ensure good approximation

Y, : test space «—— must ensure proper stability
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NUMERICAL APPROXIMATION : REDUCED BASIS METHODS

the infinite dimensional problem can be approximated by Petrov-Galerkin projection

find u, € X € X such that (]V[”ug,gbi) =0 forall Y; €YY

where

X¢ : trial space «— must ensure good approximation

Y, : test space «—— must ensure proper stability

Reduced Basis (RB) methods employ a set of pre-computed solutions [BHL93]
to choose an optimal couple (X, Y,). [HOO08]
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4. THE REDUCED BASIS ENSEMBLE KALMAN METHOD
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THE (REDUCED BASIS) ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

[ILS13]

11  The Reduced Basis Ensemble Kalman Method — The Reduced Basis Ensemble Kalman Method TU/e



THE ENSEMBLE KALMAN METHOD
We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

i) Compute the model solution for each particle ug) :

u e X such that (Mﬂg)u,&f),¢) —0 VpET
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THE REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

i) Compute the model solution for each particle ug) :

uY%) € X, suchthat (Mﬂg)u§{3,¢i) —0 Vi); €Y,
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THE ENSEMBLE KALMAN METHOD
We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

ii) Compute the correlation matrices :

P, == sum (Lu,gj)® Lu,(lj) —Lu, ® Lﬁn) -(J -1

Q= sum (pP oLy — gr@La,) - (- 1)
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THE REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...
ii) Compute the correlation matrices :
Pon = sum (Ludy @ Lul) — Lilg, ® Lilgy) - — 17

Qeni= sum (p® Lul) — Ap@Lig,) - ( — 1)
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THE ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

iii) Update each particle ug) in the ensemble:

ul) =+ 0+ P (y - L)
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THE REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn=0,1, ... /_\ e
iii) Update each particle ug) in the ensemble: . ’

. ? . _ .
”g}d = ”7(1]) + Qe,n(z + P&n) 1 (y - Lugr)z)
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THE REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn=10,1, ... /_\ e
iii) Update each particle ug) in the ensemble: .O
Ol >

Mty * ”g) + Qs,n(z + P&")_l (y B Lu‘g]’?‘)

Such an iteration would not converge to u.,; because

.1 2 -1 2
mins||y — Lul|le—1 # mins||y — Lu.||a-
HEP 2”y ”2 1 HEP ley 8”2 1
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THE REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

() ;

iii) Update each particle u,;” in the ensemble:

ﬂ;j.?.l = (])+an(2+ren+Psn) (y aen_Lu(]))

where

e = % - sum (L(um (’))) [|[>C|\/||Qig}
' al+

Cew =]_L1 sum(L(u(]) (J))®L(u(]) ,9))—6&,1@6&,1)
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THE REDUCED BASIS ENSEMBLE KALMAN METHOD

We sample a particle ensemble of size | from a prior
distribution 7y and update their positions as follows:

Forn =0,1, ...

() ;

iii) Update each particle u,;” in the ensemble:

-1 -
19y = 19+ Qun(E+Tog + Pop) ™ (¥ = 800 — Lud)

where

— 1 ) _ (J)
Oc0 = 7 -sum (L (ug0 ) ) same u((,]) used for
e = jTll sum (L (u(]) U))®L(um U)) ) 0®680) <«— training the RB model
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5. NUMERICAL EXPERIMENTS
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ADVECTION-DISPERSION PROBLEM

unknown
ou ¥ +sin(mx,)cos(mxy)
—_— . . — = L 2 i = 1 2
S~ HBu® 47 Vu(© =0 onfi= (-L+1? with v = |73

u(0) = uyg !

Iy

y e L PR v
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ADVECTION-DISPERSION PROBLEM

du +sin(mwx,)cos(mx
— —p-Mu@®)+v-Vu®) =0 onQ:=(-1,+1)2 with v=l (707 )cos(mx;)
ot —cos(mxq)sin(mx,)
u(0) = uyg !
L y > e - - N !
we consider: ’ ;;;;;‘t“‘i
R R R ‘4
e 3 sensor locations "”‘
* 40 time-activations per sensor 10 A DS SO I
-t €(0,24) T
v 144 K . '
. u € [1/50,1/10] R ISEA TR ST
N -~ N -l - s, »

I'p -1 0 1
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MODEL ORDER REDUCTION

t=2.00

considering a fine FE discretization as exact model

FE dofs spatial discretization =10100 (P2-P2 G)
FE dofs time discretization =240 (P1-PO PG)

1.40

t

0.80

t=

0.20

t

[Hec12]
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MODEL ORDER REDUCTION

considering a fine FE discretization as exact model

FE dofs spatial discretization =10100 (P2-P2 G)
FE dofs time discretization =240 (P1-PO PG)

employing the weak-greedy-POD algorithm, we achieve
relative error € < 10~3 with 42 spatial basis functions

RB dofs spatial discretization = N, (RB-RB G)
FE dofs time discretization = 240 (P1-PO PG)
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Max Relative Error

104

[Grel2]

max L?(Z, H'(Q)) error

] —<— Projection
] =—#— Solution

0
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MODEL ORDER REDUCTION

considering a fine FE discretization as exact model

FE dofs spatial discretization =10100 (P2-P2 G)
FE dofs time discretization =240 (P1-PO PG)

employing the weak-greedy-POD algorithm, we achieve
relative error € < 10~3 with 42 spatial basis functions

RB dofs spatial discretization = N, (RB-RB G)
FE dofs time discretization = 240 (P1-PO PG)

training time ~2 min, speed up X250
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Max Relative Error
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max L?(Z, H'(Q)) error

] —<— Projection
] =—#— Solution
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PARAMETER ESTIMATION : NOISE EFFECTS

107" 5

102 4

*1. M*I—l

=
1<

1077 4

108

16

Reference FO Adjusted RB Vanilla RB

10 4
10~

= 1075 4

1076 107> 10~ 10=* 1072 10=° 10=° 10~* 10=* 1072 1078 107 10™* 107 1072
Relative Noise Magnitude Relative Noise Magnitude Relative Noise Magnitude

The Reduced Basis Ensemble Kalman Method — Noise Effects

we try to estimate the u* = 1/25
from noisy observations of u(u™)

we consider different relative noise
magnitudes A72ax (2)/IILu(p*) |l oo

we sample ensembles of size ] = 40
from the prior my = U(1/10,1/50)

we replicate the analysis 64 times
for each noise level
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PARAMETER ESTIMATION : NOISE EFFECTS

Reference FO
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=—— jteration n=1
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PARAMETER ESTIMATION : NOISE EFFECTS
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PARAMETER ESTIMATION : NOISE EFFECTS

Reference FO Adjusted RB Vanilla RB

=—&— iteration n=1
=—<&— iteration n=2
=$— jteration n=3

Vi
10=° 107> 10~* 10~* 1072 1076 107> 10~* 107> 1072 1076 107 10~ 10=> 1072

Relative Noise Magnitude Relative Noise Magnitude Relative Noise Magnitude
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PARAMETER ESTIMATION : NOISE EFFECTS

Reference FO

Adjusted RB

Vanilla RB

=k— iteration n=1
=—<&— iteration n=2
=$— jteration n=3

10=° 107> 10~* 10~* 1072
Relative Noise Magnitude

1076 107> 10~* 107> 1072
Relative Noise Magnitude

1076 107 10~ 10=> 1072
Relative Noise Magnitude
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results show a linear convergence
when the exact FO model is employed

the error stagnates when the model
bias is not corrected in the RB-EnKM

the adjusted RB-EnKM shows an error
decay comparable with the FO one

the cost of the RB-EnKM is just ~4%
of the cost of the standard EnKM
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PARAMETER ESTIMATION : REDUCED BASIS SIZE

1 Vanilla RB Adjusted RB
10~
10~2 -
T
A (e
x i
T 107 :
?é & 10_5 T E
gX ;
1070 3 —&— iteration n=1 Mﬁ
—%¥— iteration n=3 E
10_7 T 1 1

RB Size

6 12 18 24 30 36 42 6 12 18 24 30 36 42

RB Size

when the measurements bias is not
corrected, the relative error is strictly
dependent on the RB model accuracy

with the bias correction, the performances
of the method are made independent on
the RB size (at least for this problem)
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6. CONCLUSIONS
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CONCLUSIONS

SUMMARY :

- we introduced Reduced Basis solvers to improve the EnKM efficiency
- we adjusted the method to guarantee the robustness to model-biases

- we tested the method both on linear and non-linear 2D problems

OUTLOOK :

- the bias correction could be updated as the particles distribution evolves

- the approach could be extended to synchronous data assimilation problems
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QUESTION TIME
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