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MOTIVATION FOR SPACE-TIME DATA ASSIMILATION

Meteorology 
• Weather forecasting 

• Air pollution studies 

• …

Hydrology 
• Groundwater management 

• Transport of contaminants 

• …

Picture from “CFD Simulation of Pollutant Gas Dispersion 
in Downtown Montreal, Canada”, Z. Huijbregts et al., TU/e

Picture from GroundwaterSoftware.com
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4D-VAR CHALLENGES

4D-VAR goals: 

• State forecasting  

• IC/BC estimation 

• Sensor location

4D-VAR developments: 

• Model Order Reduction                        [Already in early ’00, e.g. IM Navon et al.] 

• A posteriori Error Bounds                     [M Kärcher et al. 2018] 

• Optimal Criteria for Sensor Location    [N Aretz-Nellesen et al. 2019]

M. Kärcher, S. Boyaval, M. Grepl, K. Veroy: “Reduced basis 
approximation and a posteriori error bounds for 4D-VAR data assimilation” 
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ONGOING OUTCOMES

ROM-4D-VAR Results: ROM-3D-VAR Results: 

[M. Kärcher et al. 2018] [N. Aretz-Nellesen et al. 2019]
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STRONG 4D-VAR

model
perturbation (1st step OCP)

       Background error covariance 

       Observational error covariance 

       Evolution model (parametric) 

       Observator

   Initial condition 

   Prior estimation 

   State at  

   Experimental data at 
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tk
<latexit sha1_base64="nqxJYi834ES/Fmf36wt9asQulRc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSAw4mg2rNrbsLkHXiFaQGBVqD6ld/mLAs5gqZpMb0PDfFIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BC81ZfXSfuq7rl1775RazaKOMpwBudwCR5cQxPuoAU+MBjBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AVlKjcg=</latexit><latexit sha1_base64="nqxJYi834ES/Fmf36wt9asQulRc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSAw4mg2rNrbsLkHXiFaQGBVqD6ld/mLAs5gqZpMb0PDfFIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BC81ZfXSfuq7rl1775RazaKOMpwBudwCR5cQxPuoAU+MBjBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AVlKjcg=</latexit><latexit sha1_base64="nqxJYi834ES/Fmf36wt9asQulRc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSAw4mg2rNrbsLkHXiFaQGBVqD6ld/mLAs5gqZpMb0PDfFIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BC81ZfXSfuq7rl1775RazaKOMpwBudwCR5cQxPuoAU+MBjBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AVlKjcg=</latexit><latexit sha1_base64="nqxJYi834ES/Fmf36wt9asQulRc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48VTVtoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WNza3tnfJuZW//4PCoenzSNkmmGfdZIhPdDanhUijuo0DJu6nmNA4l74ST27nfeeLaiEQ94jTlQUxHSkSCUbTSAw4mg2rNrbsLkHXiFaQGBVqD6ld/mLAs5gqZpMb0PDfFIKcaBZN8VulnhqeUTeiI9yxVNOYmyBenzsiFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif18swuglyodIMuWLLRVEmCSZk/jcZCs0ZyqkllGlhbyVsTDVlaNOp2BC81ZfXSfuq7rl1775RazaKOMpwBudwCR5cQxPuoAU+MBjBM7zCmyOdF+fd+Vi2lpxi5hT+wPn8AVlKjcg=</latexit>

U

Y

s.t. yk = M yk�1 ; y0 = u

M

H

min
u2U

1

2
ku� ubk

2
U +

�

2

KX

k=1

||Hyk(t)� ykd(t)||Y �t
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s.t.

(
(ẏ, v) + a (y, v) = fb (v) + (b, v)

(y(0), v) = (u0, v)

!7

WEAK-CONSTRAINT 4D-VAR (MODIFIED)

      both perturbed  
(continuous time OCP)

⌘ My = f
⌘ y0 = u

     :   model perturbation 

     :   projection on the sensors space (to be built) 

     :   spatial operator

min
u2U
b2B

1

2
||u� ub||2U +

1

2

Z T

0
||b(t)||2Bdt+

�

2

Z T

0
||⇧⌧y(t)� yd(t)||2Ydt

⇧⌧ : Y ! ⌧
b 2 B

B

⌘

aµ( · , · ) = (Aµ · , · )

(ẏ, v) + aµ(y, v) = fµ(v) + (b, v)

(y(0), v) = (u, v)



Certified Reduced Basis Methods for Variational Data Assimilation  |   
Francesco Silva  |  AICES Graduate School  |  RWTH Aachen University  |  
17.09.2019

/18!8

LAGRANGIAN

                                      (forcing term  RB) 

                  (initial condition RB) |
{z

}
<latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit>

commonly low dimensional

STATE/ 
ADJOINT:

construction of these RB spaces 
should be discussed in detail

L(y, p, u, b) = 1

2
||u� ub||2U +

T

2
||b||2B +

�

2

Z T

0
||⇧⌧y � yd||2Ydt

The problem can be reduced now:

Or after the optimization…

CONTROL:  
B ! BR

U ! UR

YR = Yy + Yp

|
{z

}
<latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit>

Y !

+

Z T

0
(ẏ, p) + aµ(y, p)� fµ(p)� (b, p) dt
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FULL ORDER OPTIMALITY CONDITION

(1)                                                                                  Forward Equation 

(2)                                                                                  Adjoint Equation 

(3)                                                                                  Initial/Final Condition 

(4)                                                                                  Forcing Term Condition

@L
@u

: (�, p(0)) = (u� ub,�)

@L
@b

:

Z T

0
(', p) dt =

Z T

0
(b,') dt

@L
@p

: (ẏ, ) + aµ (y, ) = (b, ) + fµ( )

@L
@y

: (', ṗ)� aµ (', p) = � (⇧⌧y � yd,⇧⌧')
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DISCRETISED (P0) AND REDUCED OPTIMALITY CONDITIONS

(1)  

(2)  

(3)  

(4) @L
@bR

:

 
⌘,

KX

k=1

pkR
�t

T

!
= (bR, ⌘)

@L
@uR

:
�
�, p1R

�
= (uR � ub,�) (1) Forward Equation 

(2) Adjoint Equation 

(3) Initial/Final Condition 

(4) Forcing Term Condition8⌘ 2 BR

8� 2 UR

8' 2 YR

8 2 YR
@L
@pkR

:

 
ykR � yk�1

R

�t
, 

!
+ aµ

�
ykR, 

�
= (bR, ) + fk

µ( )

@L
@ykR

:

 
',

pkR � pk�1
R

�t

!
� aµ

�
', pk�1

R

�
= �

�
⇧⌧y

k�1
R � yk�1

d ,⇧⌧'
�
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ADVANTAGES OF REDUCED BASIS

Too expensive to treat  
all experimental data in a 
single assimilation window 
using a full order model

Using RB approach the 
problem becomes 
smaller and fast, but we 
need to guarantee: 
• stability 
• well-posedness 
• unbiased approx.

t

t

y

y
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|
{z

}
<latexit sha1_base64="hEyeERqxD/TCp5lSlhNPyDbblVQ=">AAACB3icbVDLSsNAFJ34rPUVdSlIsAiuSiIFXRbcuKxgH9CEMpnctEMnk3QeQgndufFX3LhQxK2/4M6/cdpG0NYDczmccy937gkzRqVy3S9rZXVtfWOztFXe3tnd27cPDlsy1YJAk6QsFZ0QS2CUQ1NRxaCTCcBJyKAdDq+nfvsehKQpv1PjDIIE9zmNKcHKSD37xNc8AhEKTCD3RyONo59qyqRnV9yqO4OzTLyCVFCBRs/+9KOU6AS4IgxL2fXcTAU5FooSBpOyryVkmAxxH7qGcpyADPLZHRPnzCiRE6fCPK6cmfp7IseJlOMkNJ0JVgO56E3F/7yuVvFVkFOeaQWczBfFmjkqdaahOBEVQBQbG4KJoOavDhlgk4ky0ZVNCN7iycukdVH13Kp3W6vUa0UcJXSMTtE58tAlqqMb1EBNRNADekIv6NV6tJ6tN+t93rpiFTNH6A+sj29VgZov</latexit><latexit sha1_base64="hEyeERqxD/TCp5lSlhNPyDbblVQ=">AAACB3icbVDLSsNAFJ34rPUVdSlIsAiuSiIFXRbcuKxgH9CEMpnctEMnk3QeQgndufFX3LhQxK2/4M6/cdpG0NYDczmccy937gkzRqVy3S9rZXVtfWOztFXe3tnd27cPDlsy1YJAk6QsFZ0QS2CUQ1NRxaCTCcBJyKAdDq+nfvsehKQpv1PjDIIE9zmNKcHKSD37xNc8AhEKTCD3RyONo59qyqRnV9yqO4OzTLyCVFCBRs/+9KOU6AS4IgxL2fXcTAU5FooSBpOyryVkmAxxH7qGcpyADPLZHRPnzCiRE6fCPK6cmfp7IseJlOMkNJ0JVgO56E3F/7yuVvFVkFOeaQWczBfFmjkqdaahOBEVQBQbG4KJoOavDhlgk4ky0ZVNCN7iycukdVH13Kp3W6vUa0UcJXSMTtE58tAlqqMb1EBNRNADekIv6NV6tJ6tN+t93rpiFTNH6A+sj29VgZov</latexit><latexit sha1_base64="hEyeERqxD/TCp5lSlhNPyDbblVQ=">AAACB3icbVDLSsNAFJ34rPUVdSlIsAiuSiIFXRbcuKxgH9CEMpnctEMnk3QeQgndufFX3LhQxK2/4M6/cdpG0NYDczmccy937gkzRqVy3S9rZXVtfWOztFXe3tnd27cPDlsy1YJAk6QsFZ0QS2CUQ1NRxaCTCcBJyKAdDq+nfvsehKQpv1PjDIIE9zmNKcHKSD37xNc8AhEKTCD3RyONo59qyqRnV9yqO4OzTLyCVFCBRs/+9KOU6AS4IgxL2fXcTAU5FooSBpOyryVkmAxxH7qGcpyADPLZHRPnzCiRE6fCPK6cmfp7IseJlOMkNJ0JVgO56E3F/7yuVvFVkFOeaQWczBfFmjkqdaahOBEVQBQbG4KJoOavDhlgk4ky0ZVNCN7iycukdVH13Kp3W6vUa0UcJXSMTtE58tAlqqMb1EBNRNADekIv6NV6tJ6tN+t93rpiFTNH6A+sj29VgZov</latexit><latexit sha1_base64="hEyeERqxD/TCp5lSlhNPyDbblVQ=">AAACB3icbVDLSsNAFJ34rPUVdSlIsAiuSiIFXRbcuKxgH9CEMpnctEMnk3QeQgndufFX3LhQxK2/4M6/cdpG0NYDczmccy937gkzRqVy3S9rZXVtfWOztFXe3tnd27cPDlsy1YJAk6QsFZ0QS2CUQ1NRxaCTCcBJyKAdDq+nfvsehKQpv1PjDIIE9zmNKcHKSD37xNc8AhEKTCD3RyONo59qyqRnV9yqO4OzTLyCVFCBRs/+9KOU6AS4IgxL2fXcTAU5FooSBpOyryVkmAxxH7qGcpyADPLZHRPnzCiRE6fCPK6cmfp7IseJlOMkNJ0JVgO56E3F/7yuVvFVkFOeaQWczBfFmjkqdaahOBEVQBQbG4KJoOavDhlgk4ky0ZVNCN7iycukdVH13Kp3W6vUa0UcJXSMTtE58tAlqqMb1EBNRNADekIv6NV6tJ6tN+t93rpiFTNH6A+sj29VgZov</latexit>

(y0, ) = (uR, ) uR 2 UR, bR 2 BR

(yk � yk�1, ) +�t a(yk, ) = (bR, ) 8 2 Y

!12

RB SPACE CONSTRUCTION AND SENSORS SELECTION

⌧
<latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit>

U⇤
R

<latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit>

Yy Yp YR

•   

•  

: IC Space 

: Par. Space

UR
<latexit sha1_base64="MgjOaTFNVLiGciEJ4A/AhkCUPMQ=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IRPJVECnosePFYxbSFNoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LQ5aOvAwjDzHm92wpQzpR3n26psbG5t71R3a3v7B4d1++i4q5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3hR+75FKxRLxoGcp9WM8FixiBGsjBXZ9GGM9IZjn3jzI7+eB3XCazgJonbglaUCJTmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kEVOteoX4nzfIdHTt50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ10L5uu03TvWo12q6yjCqdwBhfgwhW04RY64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8ALu6TXw==</latexit><latexit sha1_base64="MgjOaTFNVLiGciEJ4A/AhkCUPMQ=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IRPJVECnosePFYxbSFNoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LQ5aOvAwjDzHm92wpQzpR3n26psbG5t71R3a3v7B4d1++i4q5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3hR+75FKxRLxoGcp9WM8FixiBGsjBXZ9GGM9IZjn3jzI7+eB3XCazgJonbglaUCJTmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kEVOteoX4nzfIdHTt50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ10L5uu03TvWo12q6yjCqdwBhfgwhW04RY64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8ALu6TXw==</latexit><latexit sha1_base64="MgjOaTFNVLiGciEJ4A/AhkCUPMQ=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IRPJVECnosePFYxbSFNoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LQ5aOvAwjDzHm92wpQzpR3n26psbG5t71R3a3v7B4d1++i4q5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3hR+75FKxRLxoGcp9WM8FixiBGsjBXZ9GGM9IZjn3jzI7+eB3XCazgJonbglaUCJTmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kEVOteoX4nzfIdHTt50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ10L5uu03TvWo12q6yjCqdwBhfgwhW04RY64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8ALu6TXw==</latexit><latexit sha1_base64="MgjOaTFNVLiGciEJ4A/AhkCUPMQ=">AAAB+HicbVBNS8NAFHypX7V+NOrRy2IRPJVECnosePFYxbSFNoTNdtMu3WzC7kaoob/EiwdFvPpTvPlv3LQ5aOvAwjDzHm92wpQzpR3n26psbG5t71R3a3v7B4d1++i4q5JMEuqRhCeyH2JFORPU00xz2k8lxXHIaS+c3hR+75FKxRLxoGcp9WM8FixiBGsjBXZ9GGM9IZjn3jzI7+eB3XCazgJonbglaUCJTmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kEVOteoX4nzfIdHTt50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ10L5uu03TvWo12q6yjCqdwBhfgwhW04RY64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8ALu6TXw==</latexit>

⌘ U
<latexit sha1_base64="iRaqT8AQl8H2d38Uuq41VsICkAE=">AAAB+3icbVBNS8NAFHzxs9avWI9eFovgqSRS0GPBi8cKpi20oWy2m3bpZhN3N8US8le8eFDEq3/Em//GTZuDtg4sDDPv8WYnSDhT2nG+rY3Nre2d3cpedf/g8OjYPql1VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbT28LvzqhULBYPep5QP8JjwUJGsDbS0K4N6GPKZmgQYT0hmGdePrTrTsNZAK0TtyR1KNEe2l+DUUzSiApNOFaq7zqJ9jMsNSOc5tVBqmiCyRSPad9QgSOq/GyRPUcXRhmhMJbmCY0W6u+NDEdKzaPATBYR1apXiP95/VSHN37GRJJqKsjyUJhypGNUFIFGTFKi+dwQTCQzWRGZYImJNnVVTQnu6pfXSeeq4ToN975ZbzXLOipwBudwCS5cQwvuoA0eEHiCZ3iFNyu3Xqx362M5umGVO6fwB9bnDy8glHo=</latexit><latexit sha1_base64="iRaqT8AQl8H2d38Uuq41VsICkAE=">AAAB+3icbVBNS8NAFHzxs9avWI9eFovgqSRS0GPBi8cKpi20oWy2m3bpZhN3N8US8le8eFDEq3/Em//GTZuDtg4sDDPv8WYnSDhT2nG+rY3Nre2d3cpedf/g8OjYPql1VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbT28LvzqhULBYPep5QP8JjwUJGsDbS0K4N6GPKZmgQYT0hmGdePrTrTsNZAK0TtyR1KNEe2l+DUUzSiApNOFaq7zqJ9jMsNSOc5tVBqmiCyRSPad9QgSOq/GyRPUcXRhmhMJbmCY0W6u+NDEdKzaPATBYR1apXiP95/VSHN37GRJJqKsjyUJhypGNUFIFGTFKi+dwQTCQzWRGZYImJNnVVTQnu6pfXSeeq4ToN975ZbzXLOipwBudwCS5cQwvuoA0eEHiCZ3iFNyu3Xqx362M5umGVO6fwB9bnDy8glHo=</latexit><latexit sha1_base64="iRaqT8AQl8H2d38Uuq41VsICkAE=">AAAB+3icbVBNS8NAFHzxs9avWI9eFovgqSRS0GPBi8cKpi20oWy2m3bpZhN3N8US8le8eFDEq3/Em//GTZuDtg4sDDPv8WYnSDhT2nG+rY3Nre2d3cpedf/g8OjYPql1VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbT28LvzqhULBYPep5QP8JjwUJGsDbS0K4N6GPKZmgQYT0hmGdePrTrTsNZAK0TtyR1KNEe2l+DUUzSiApNOFaq7zqJ9jMsNSOc5tVBqmiCyRSPad9QgSOq/GyRPUcXRhmhMJbmCY0W6u+NDEdKzaPATBYR1apXiP95/VSHN37GRJJqKsjyUJhypGNUFIFGTFKi+dwQTCQzWRGZYImJNnVVTQnu6pfXSeeq4ToN975ZbzXLOipwBudwCS5cQwvuoA0eEHiCZ3iFNyu3Xqx362M5umGVO6fwB9bnDy8glHo=</latexit><latexit sha1_base64="iRaqT8AQl8H2d38Uuq41VsICkAE=">AAAB+3icbVBNS8NAFHzxs9avWI9eFovgqSRS0GPBi8cKpi20oWy2m3bpZhN3N8US8le8eFDEq3/Em//GTZuDtg4sDDPv8WYnSDhT2nG+rY3Nre2d3cpedf/g8OjYPql1VJxKQj0S81j2AqwoZ4J6mmlOe4mkOAo47QbT28LvzqhULBYPep5QP8JjwUJGsDbS0K4N6GPKZmgQYT0hmGdePrTrTsNZAK0TtyR1KNEe2l+DUUzSiApNOFaq7zqJ9jMsNSOc5tVBqmiCyRSPad9QgSOq/GyRPUcXRhmhMJbmCY0W6u+NDEdKzaPATBYR1apXiP95/VSHN37GRJJqKsjyUJhypGNUFIFGTFKi+dwQTCQzWRGZYImJNnVVTQnu6pfXSeeq4ToN975ZbzXLOipwBudwCS5cQwvuoA0eEHiCZ3iFNyu3Xqx362M5umGVO6fwB9bnDy8glHo=</latexit>

|
{z

}
<latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit><latexit sha1_base64="1JdSFvtN7k/xIMrNgJPYWp9fuTM=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgi4LblxWsA9oQplMbtqhk0k6MxFKKG78FTcuFHHrV7jzb5y2WWjrgXs5nHMvM/cEKWdKO863VVpb39jcKm9Xdnb39g/sw6O2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3M7/zAFKxRNzrSQp+TAaCRYwSbaS+feJlIgQZSEIh98bjjISLPu3bVafmzIFXiVuQKirQ7NtfXpjQLAahKSdK9Vwn1X5OpGaUw7TiZQpSQkdkAD1DBYlB+fn8hCk+N0qIo0SaEhrP1d8bOYmVmsSBmYyJHqplbyb+5/UyHV37ORNppkHQxUNRxrFO8CwPHDIJVPOJIYRKZv6K6ZCYOLRJrWJCcJdPXiXty5rr1Ny7erVRL+Ioo1N0hi6Qi65QA92iJmohih7RM3pFb9aT9WK9Wx+L0ZJV7ByjP7A+fwBRF5f2</latexit>

assumed low dimensional
BR ⌘ B

: greedy-POD                :              forward solutions parametrised in 
�
yu,bµ (t)

�
<latexit sha1_base64="Zq0N8yXaUXTH61IiDdn72aiRKPQ=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAgtSEmkoMuCG5cV7AOaGCbTSTt08mDmjhBCV278FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nuClDMJtv1trKyurW9slrbK2zu7e/vmwWFHJkoQ2iYJT0QvwJJyFtM2MOC0lwqKo4DTbjC+nvrdByokS+I7yFLqRXgYs5ARDFryzROX0xCqmZ+7kZrc5+o8mFSh5go2HEHNNyt23Z7BWiZOQSqoQMs3v9xBQlREYyAcS9l37BS8HAtghNNJ2VWSppiM8ZD2NY1xRKWXz96YWGdaGVhhInTFYM3U3xM5jqTMokB3RhhGctGbiv95fQXhlZezOFVAYzJfFCpuQWJNM7EGTFACPNMEE8H0rRYZYYEJ6OTKOgRn8eVl0rmoO3bduW1Umo0ijhI6Rqeoihx0iZroBrVQGxH0iJ7RK3oznowX4934mLeuGMXMEfoD4/MH+aCYvQ==</latexit><latexit sha1_base64="Zq0N8yXaUXTH61IiDdn72aiRKPQ=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAgtSEmkoMuCG5cV7AOaGCbTSTt08mDmjhBCV278FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nuClDMJtv1trKyurW9slrbK2zu7e/vmwWFHJkoQ2iYJT0QvwJJyFtM2MOC0lwqKo4DTbjC+nvrdByokS+I7yFLqRXgYs5ARDFryzROX0xCqmZ+7kZrc5+o8mFSh5go2HEHNNyt23Z7BWiZOQSqoQMs3v9xBQlREYyAcS9l37BS8HAtghNNJ2VWSppiM8ZD2NY1xRKWXz96YWGdaGVhhInTFYM3U3xM5jqTMokB3RhhGctGbiv95fQXhlZezOFVAYzJfFCpuQWJNM7EGTFACPNMEE8H0rRYZYYEJ6OTKOgRn8eVl0rmoO3bduW1Umo0ijhI6Rqeoihx0iZroBrVQGxH0iJ7RK3oznowX4934mLeuGMXMEfoD4/MH+aCYvQ==</latexit><latexit sha1_base64="Zq0N8yXaUXTH61IiDdn72aiRKPQ=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAgtSEmkoMuCG5cV7AOaGCbTSTt08mDmjhBCV278FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nuClDMJtv1trKyurW9slrbK2zu7e/vmwWFHJkoQ2iYJT0QvwJJyFtM2MOC0lwqKo4DTbjC+nvrdByokS+I7yFLqRXgYs5ARDFryzROX0xCqmZ+7kZrc5+o8mFSh5go2HEHNNyt23Z7BWiZOQSqoQMs3v9xBQlREYyAcS9l37BS8HAtghNNJ2VWSppiM8ZD2NY1xRKWXz96YWGdaGVhhInTFYM3U3xM5jqTMokB3RhhGctGbiv95fQXhlZezOFVAYzJfFCpuQWJNM7EGTFACPNMEE8H0rRYZYYEJ6OTKOgRn8eVl0rmoO3bduW1Umo0ijhI6Rqeoihx0iZroBrVQGxH0iJ7RK3oznowX4934mLeuGMXMEfoD4/MH+aCYvQ==</latexit><latexit sha1_base64="Zq0N8yXaUXTH61IiDdn72aiRKPQ=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAgtSEmkoMuCG5cV7AOaGCbTSTt08mDmjhBCV278FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nuClDMJtv1trKyurW9slrbK2zu7e/vmwWFHJkoQ2iYJT0QvwJJyFtM2MOC0lwqKo4DTbjC+nvrdByokS+I7yFLqRXgYs5ARDFryzROX0xCqmZ+7kZrc5+o8mFSh5go2HEHNNyt23Z7BWiZOQSqoQMs3v9xBQlREYyAcS9l37BS8HAtghNNJ2VWSppiM8ZD2NY1xRKWXz96YWGdaGVhhInTFYM3U3xM5jqTMokB3RhhGctGbiv95fQXhlZezOFVAYzJfFCpuQWJNM7EGTFACPNMEE8H0rRYZYYEJ6OTKOgRn8eVl0rmoO3bduW1Umo0ijhI6Rqeoihx0iZroBrVQGxH0iJ7RK3oznowX4934mLeuGMXMEfoD4/MH+aCYvQ==</latexit>

yu,bµ (t)Yy

aµ(y
k, ) = (bR, ) + fµ( )

uR, bR
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SENSORS SELECTION: MANY OPTIONS

⌧
<latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit>

U⇤
R

<latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit>

(a) Measurements over time interval: 

(b) Measurements at a give time: 

(c) Measurement in continuous time:

Yy Yp YR

⌧ il ( · ) =
Z ti+�ti

ti

hl ( · ) dt ! ⌧ il 2 X 0

⌧ il ( · ) = � (t� ti) ⇤ hl ( · ) ! ⌧ il 2 X 0

⌧ (t)l ( · ) = hl ( · ) ! ⌧ (t)l 2 Y 0

where X 0 is dual to X = L2( 0, T ; Y) \ H1( 0, T ; Y 0)
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SENSORS SELECTION - GREEDY OMP  (C)

Let’s define:

We use the Greedy-OMP1 (Orthogonal Matching Pursuit) to select 

sensors out of a dictionary, which maximise this β coefficient. This is 

an extension to 4D-VAR of what has already been done for 3D-VAR2  

�⌧ (µ) = inf
u2UR
b2BR

inf
t2I

sup
⌧2Y0

⌧ (t)(yu,bµ (t))

||⌧ (t)||Y0 · ||yu,bµ (t)||Y

1 P. Binev, A. Cohen, O. Mula, J. Nichols : ”Greedy algorithms for Optimal Measurements Selection in State” 
2  N. Aretz-Nellesen, M. Grepl, K. Veroy-Grepl : “3D-VAR for Parametrized Partial Differential Equations: …”

� = inf
µ2⌅T

�⌧ (µ)
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•      : greedy-POD             :            adjoint solutions parametrised in  

•     

(�
', pkR � pk�1

R

�
+�t a

�
', pk�1

R

�
= � (sl,⇧⌧') 8' 2 YR�

', pKR
�
= 0 8sl 2 YR

!15

ADJOINT SPACE CONSTRUCTION

⌧
<latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit>

U⇤
R

<latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit><latexit sha1_base64="SJd84DUvW9ly6foC/8l2vuUc6uI=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCeCiJKHosePFYxbSFNobNdtsu3WzC7kYIIf4VLx4U8eoP8ea/cdPmoK0DC8PMe7zZCWJGpbLtb6Oysrq2vlHdrG1t7+zumfsHHRklAhMXRywSvQBJwignrqKKkV4sCAoDRrrB9Lrwu49ESBrxe5XGxAvRmNMRxUhpyTfrgxCpCUYsc3M/u8sfstPcNxt2057BWiZOSRpQou2bX4NhhJOQcIUZkrLv2LHyMiQUxYzktUEiSYzwFI1JX1OOQiK9bBY+t461MrRGkdCPK2um/t7IUChlGgZ6sogqF71C/M/rJ2p05WWUx4kiHM8PjRJmqcgqmrCGVBCsWKoJwoLqrBaeIIGw0n3VdAnO4peXSees6dhN5/a80boo66jCIRzBCThwCS24gTa4gCGFZ3iFN+PJeDHejY/5aMUod+rwB8bnDyTalQg=</latexit>

Yy Yp YR

Yp (p⌧µ(t))

where sl 2 Y : ⌧ (t)l ( ) = Y(sl, )X 8 2 X

⌧ (t)l

aµ(', p
k�1
R ) = � (sl,⇧⌧')

⌧
<latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit><latexit sha1_base64="0GBDPdn1VPFUlkjWrRxfJveh3oM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EoCNpYRTAwkR9jbbJIlu3vH7pwQjvwFGwtFbP1Ddv4b95IrNPHBwOO9GWbmRYkUFn3/2yutrW9sbpW3Kzu7e/sH1cOjto1Tw3iLxTI2nYhaLoXmLRQoeScxnKpI8sdocpv7j0/cWBHrB5wmPFR0pMVQMIq51EOa9qs1v+7PQVZJUJAaFGj2q1+9QcxSxTUySa3tBn6CYUYNCib5rNJLLU8om9AR7zqqqeI2zOa3zsiZUwZkGBtXGslc/T2RUWXtVEWuU1Ec22UvF//zuikOr8NM6CRFrtli0TCVBGOSP04GwnCGcuoIZUa4WwkbU0MZungqLoRg+eVV0r6oB349uL+sNW6KOMpwAqdwDgFcQQPuoAktYDCGZ3iFN095L96797FoLXnFzDH8gff5Ax/5jkQ=</latexit>

YR = Yy [ Yp

p⌧µ(t)
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ITERATIVE SCHEME

Forward

Adjoint

= 0
<latexit sha1_base64="Uloe6hK7aYf1PU7jZ2NtR81YSMM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUC9CwYvHKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00sONOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6YxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw2s/EypJkSu2XBSmkmBM5m+TodCcoZxaQpkW9lbCxlRThjackg3BW315nbSvqp5b9e5rlUYtj6MIZ3AOl+BBHRpwB01oAYMQnuEV3pyJ8+K8Ox/L1oKTz5zCHzifP/Z4jO0=</latexit><latexit sha1_base64="Uloe6hK7aYf1PU7jZ2NtR81YSMM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUC9CwYvHKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00sONOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6YxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw2s/EypJkSu2XBSmkmBM5m+TodCcoZxaQpkW9lbCxlRThjackg3BW315nbSvqp5b9e5rlUYtj6MIZ3AOl+BBHRpwB01oAYMQnuEV3pyJ8+K8Ox/L1oKTz5zCHzifP/Z4jO0=</latexit><latexit sha1_base64="Uloe6hK7aYf1PU7jZ2NtR81YSMM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUC9CwYvHKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00sONOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6YxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw2s/EypJkSu2XBSmkmBM5m+TodCcoZxaQpkW9lbCxlRThjackg3BW315nbSvqp5b9e5rlUYtj6MIZ3AOl+BBHRpwB01oAYMQnuEV3pyJ8+K8Ox/L1oKTz5zCHzifP/Z4jO0=</latexit><latexit sha1_base64="Uloe6hK7aYf1PU7jZ2NtR81YSMM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUC9CwYvHKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeI04X5ER0qEglG00sONOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6YxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw2s/EypJkSu2XBSmkmBM5m+TodCcoZxaQpkW9lbCxlRThjackg3BW315nbSvqp5b9e5rlUYtj6MIZ3AOl+BBHRpwB01oAYMQnuEV3pyJ8+K8Ox/L1oKTz5zCHzifP/Z4jO0=</latexit>

d1R
<latexit sha1_base64="hm6cgduMV85dNLsmXruzVkDXHGo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49V7Ie0sWw2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ753SeqNIvlvZkm1Bd4JFnECDZWegiH2V3+mHn5sFpz6+4caJV4BalBgdaw+jUIY5IKKg3hWOu+5ybGz7AyjHCaVwappgkmEzyifUslFlT72fzgHJ1ZJURRrGxJg+bq74kMC62nIrCdApuxXvZm4n9ePzXRlZ8xmaSGSrJYFKUcmRjNvkchU5QYPrUEE8XsrYiMscLE2IwqNgRv+eVV0rmoe27du23Umo0ijjKcwCmcgweX0IQbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/zo+QWg==</latexit><latexit sha1_base64="hm6cgduMV85dNLsmXruzVkDXHGo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49V7Ie0sWw2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ753SeqNIvlvZkm1Bd4JFnECDZWegiH2V3+mHn5sFpz6+4caJV4BalBgdaw+jUIY5IKKg3hWOu+5ybGz7AyjHCaVwappgkmEzyifUslFlT72fzgHJ1ZJURRrGxJg+bq74kMC62nIrCdApuxXvZm4n9ePzXRlZ8xmaSGSrJYFKUcmRjNvkchU5QYPrUEE8XsrYiMscLE2IwqNgRv+eVV0rmoe27du23Umo0ijjKcwCmcgweX0IQbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/zo+QWg==</latexit><latexit sha1_base64="hm6cgduMV85dNLsmXruzVkDXHGo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49V7Ie0sWw2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ753SeqNIvlvZkm1Bd4JFnECDZWegiH2V3+mHn5sFpz6+4caJV4BalBgdaw+jUIY5IKKg3hWOu+5ybGz7AyjHCaVwappgkmEzyifUslFlT72fzgHJ1ZJURRrGxJg+bq74kMC62nIrCdApuxXvZm4n9ePzXRlZ8xmaSGSrJYFKUcmRjNvkchU5QYPrUEE8XsrYiMscLE2IwqNgRv+eVV0rmoe27du23Umo0ijjKcwCmcgweX0IQbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/zo+QWg==</latexit><latexit sha1_base64="hm6cgduMV85dNLsmXruzVkDXHGo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF49V7Ie0sWw2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8CaciZp2zDDaS9RFIuA024wuZ753SeqNIvlvZkm1Bd4JFnECDZWegiH2V3+mHn5sFpz6+4caJV4BalBgdaw+jUIY5IKKg3hWOu+5ybGz7AyjHCaVwappgkmEzyifUslFlT72fzgHJ1ZJURRrGxJg+bq74kMC62nIrCdApuxXvZm4n9ePzXRlZ8xmaSGSrJYFKUcmRjNvkchU5QYPrUEE8XsrYiMscLE2IwqNgRv+eVV0rmoe27du23Umo0ijjKcwCmcgweX0IQbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/zo+QWg==</latexit>

dKR
<latexit sha1_base64="UAqeluy55NKy58nrSLRC1JGo3sE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi+Cliv2QNpbNZtMu3d2E3Y1QQn6FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyScaeO6305pZXVtfaO8Wdna3tndq+4ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJxldTv/NElWaxvDeThPoCDyWLGMHGSg/hILvLH7ObfFCtuXV3BrRMvILUoEBzUP3qhzFJBZWGcKx1z3MT42dYGUY4zSv9VNMEkzEe0p6lEguq/Wx2cI5OrBKiKFa2pEEz9fdEhoXWExHYToHNSC96U/E/r5ea6NLPmExSQyWZL4pSjkyMpt+jkClKDJ9Ygoli9lZERlhhYmxGFRuCt/jyMmmf1T237t2e1xrnRRxlOIJjOAUPLqAB19CEFhAQ8Ayv8OYo58V5dz7mrSWnmDmEP3A+fwD2EZB0</latexit><latexit sha1_base64="UAqeluy55NKy58nrSLRC1JGo3sE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi+Cliv2QNpbNZtMu3d2E3Y1QQn6FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyScaeO6305pZXVtfaO8Wdna3tndq+4ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJxldTv/NElWaxvDeThPoCDyWLGMHGSg/hILvLH7ObfFCtuXV3BrRMvILUoEBzUP3qhzFJBZWGcKx1z3MT42dYGUY4zSv9VNMEkzEe0p6lEguq/Wx2cI5OrBKiKFa2pEEz9fdEhoXWExHYToHNSC96U/E/r5ea6NLPmExSQyWZL4pSjkyMpt+jkClKDJ9Ygoli9lZERlhhYmxGFRuCt/jyMmmf1T237t2e1xrnRRxlOIJjOAUPLqAB19CEFhAQ8Ayv8OYo58V5dz7mrSWnmDmEP3A+fwD2EZB0</latexit><latexit sha1_base64="UAqeluy55NKy58nrSLRC1JGo3sE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi+Cliv2QNpbNZtMu3d2E3Y1QQn6FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyScaeO6305pZXVtfaO8Wdna3tndq+4ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJxldTv/NElWaxvDeThPoCDyWLGMHGSg/hILvLH7ObfFCtuXV3BrRMvILUoEBzUP3qhzFJBZWGcKx1z3MT42dYGUY4zSv9VNMEkzEe0p6lEguq/Wx2cI5OrBKiKFa2pEEz9fdEhoXWExHYToHNSC96U/E/r5ea6NLPmExSQyWZL4pSjkyMpt+jkClKDJ9Ygoli9lZERlhhYmxGFRuCt/jyMmmf1T237t2e1xrnRRxlOIJjOAUPLqAB19CEFhAQ8Ayv8OYo58V5dz7mrSWnmDmEP3A+fwD2EZB0</latexit><latexit sha1_base64="UAqeluy55NKy58nrSLRC1JGo3sE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi+Cliv2QNpbNZtMu3d2E3Y1QQn6FFw+KePXnePPfuG1z0NYHA4/3ZpiZFyScaeO6305pZXVtfaO8Wdna3tndq+4ftHWcKkJbJOax6gZYU84kbRlmOO0mimIRcNoJxldTv/NElWaxvDeThPoCDyWLGMHGSg/hILvLH7ObfFCtuXV3BrRMvILUoEBzUP3qhzFJBZWGcKx1z3MT42dYGUY4zSv9VNMEkzEe0p6lEguq/Wx2cI5OrBKiKFa2pEEz9fdEhoXWExHYToHNSC96U/E/r5ea6NLPmExSQyWZL4pSjkyMpt+jkClKDJ9Ygoli9lZERlhhYmxGFRuCt/jyMmmf1T237t2e1xrnRRxlOIJjOAUPLqAB19CEFhAQ8Ayv8OYo58V5dz7mrSWnmDmEP3A+fwD2EZB0</latexit>

…

…

y0R
<latexit sha1_base64="6BjPqvgNK6pew/mlGVQE+RHZbqs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zm4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO3TkG8=</latexit><latexit sha1_base64="6BjPqvgNK6pew/mlGVQE+RHZbqs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zm4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO3TkG8=</latexit><latexit sha1_base64="6BjPqvgNK6pew/mlGVQE+RHZbqs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zm4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO3TkG8=</latexit><latexit sha1_base64="6BjPqvgNK6pew/mlGVQE+RHZbqs=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zm4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO3TkG8=</latexit>

y1R
<latexit sha1_base64="ZV4iNDNNiievvQ9dC20SBwBihFU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zl4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO9YkHA=</latexit><latexit sha1_base64="ZV4iNDNNiievvQ9dC20SBwBihFU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zl4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO9YkHA=</latexit><latexit sha1_base64="ZV4iNDNNiievvQ9dC20SBwBihFU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zl4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO9YkHA=</latexit><latexit sha1_base64="ZV4iNDNNiievvQ9dC20SBwBihFU=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cq9kPaWDbbTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZeEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeYXE/9zhNVmkXy3qQx9QUeSRYygo2VHtJBdpc/Zl4+qNbcujsDWiZeQWpQoDmofvWHEUkElYZwrHXPc2PjZ1gZRjjNK/1E0xiTCR7RnqUSC6r9bHZwjk6sMkRhpGxJg2bq74kMC61TEdhOgc1YL3pT8T+vl5jwys+YjBNDJZkvChOOTISm36MhU5QYnlqCiWL2VkTGWGFibEYVG4K3+PIyaZ/VPbfu3Z7XGhdFHGU4gmM4BQ8uoQE30IQWEBDwDK/w5ijnxXl3PuatJaeYOYQ/cD5/AO9YkHA=</latexit>

yKR
<latexit sha1_base64="dlgRv8q+DsE5mbo9so/SnS7waXo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix4EbxUsR/SxrLZbtqlu5uwuxFCyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzgpgzbVz321laXlldWy9tlDe3tnd2K3v7LR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8dXEbz9RpVkk700aU1/goWQhI9hY6SHtZ3f5Y3aT9ytVt+ZOgRaJV5AqFGj0K1+9QUQSQaUhHGvd9dzY+BlWhhFO83Iv0TTGZIyHtGupxIJqP5senKNjqwxQGClb0qCp+nsiw0LrVAS2U2Az0vPeRPzP6yYmvPQzJuPEUElmi8KEIxOhyfdowBQlhqeWYKKYvRWREVaYGJtR2Ybgzb+8SFqnNc+tebdn1fp5EUcJDuEITsCDC6jDNTSgCQQEPMMrvDnKeXHenY9Z65JTzBzAHzifPxbpkIo=</latexit><latexit sha1_base64="dlgRv8q+DsE5mbo9so/SnS7waXo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix4EbxUsR/SxrLZbtqlu5uwuxFCyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzgpgzbVz321laXlldWy9tlDe3tnd2K3v7LR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8dXEbz9RpVkk700aU1/goWQhI9hY6SHtZ3f5Y3aT9ytVt+ZOgRaJV5AqFGj0K1+9QUQSQaUhHGvd9dzY+BlWhhFO83Iv0TTGZIyHtGupxIJqP5senKNjqwxQGClb0qCp+nsiw0LrVAS2U2Az0vPeRPzP6yYmvPQzJuPEUElmi8KEIxOhyfdowBQlhqeWYKKYvRWREVaYGJtR2Ybgzb+8SFqnNc+tebdn1fp5EUcJDuEITsCDC6jDNTSgCQQEPMMrvDnKeXHenY9Z65JTzBzAHzifPxbpkIo=</latexit><latexit sha1_base64="dlgRv8q+DsE5mbo9so/SnS7waXo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix4EbxUsR/SxrLZbtqlu5uwuxFCyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzgpgzbVz321laXlldWy9tlDe3tnd2K3v7LR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8dXEbz9RpVkk700aU1/goWQhI9hY6SHtZ3f5Y3aT9ytVt+ZOgRaJV5AqFGj0K1+9QUQSQaUhHGvd9dzY+BlWhhFO83Iv0TTGZIyHtGupxIJqP5senKNjqwxQGClb0qCp+nsiw0LrVAS2U2Az0vPeRPzP6yYmvPQzJuPEUElmi8KEIxOhyfdowBQlhqeWYKKYvRWREVaYGJtR2Ybgzb+8SFqnNc+tebdn1fp5EUcJDuEITsCDC6jDNTSgCQQEPMMrvDnKeXHenY9Z65JTzBzAHzifPxbpkIo=</latexit><latexit sha1_base64="dlgRv8q+DsE5mbo9so/SnS7waXo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix4EbxUsR/SxrLZbtqlu5uwuxFCyK/w4kERr/4cb/4bt20O2vpg4PHeDDPzgpgzbVz321laXlldWy9tlDe3tnd2K3v7LR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8dXEbz9RpVkk700aU1/goWQhI9hY6SHtZ3f5Y3aT9ytVt+ZOgRaJV5AqFGj0K1+9QUQSQaUhHGvd9dzY+BlWhhFO83Iv0TTGZIyHtGupxIJqP5senKNjqwxQGClb0qCp+nsiw0LrVAS2U2Az0vPeRPzP6yYmvPQzJuPEUElmi8KEIxOhyfdowBQlhqeWYKKYvRWREVaYGJtR2Ybgzb+8SFqnNc+tebdn1fp5EUcJDuEITsCDC6jDNTSgCQQEPMMrvDnKeXHenY9Z65JTzBzAHzifPxbpkIo=</latexit>

pKR
<latexit sha1_base64="03CO8eHGo38u0tVi3De4PGOFG5g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix4LXgQvVeyHtGvJptk2NMkuSVYoy/4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjK+mfvuJKs0ieW8mMfUFHkoWMoKNlR7ifnqXPaY3Wb9ccavuDGiZeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhNCv1Ek1jTMZ4SLuWSiyo9tPZwRk6scoAhZGyJQ2aqb8nUiy0nojAdgpsRnrRm4r/ed3EhJd+ymScGCrJfFGYcGQiNP0eDZiixPCJJZgoZm9FZIQVJsZmVLIheIsvL5PWWdVzq97teaVey+MowhEcwyl4cAF1uIYGNIGAgGd4hTdHOS/Ou/Mxby04+cwh/IHz+QMI/ZCB</latexit><latexit sha1_base64="03CO8eHGo38u0tVi3De4PGOFG5g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix4LXgQvVeyHtGvJptk2NMkuSVYoy/4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjK+mfvuJKs0ieW8mMfUFHkoWMoKNlR7ifnqXPaY3Wb9ccavuDGiZeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhNCv1Ek1jTMZ4SLuWSiyo9tPZwRk6scoAhZGyJQ2aqb8nUiy0nojAdgpsRnrRm4r/ed3EhJd+ymScGCrJfFGYcGQiNP0eDZiixPCJJZgoZm9FZIQVJsZmVLIheIsvL5PWWdVzq97teaVey+MowhEcwyl4cAF1uIYGNIGAgGd4hTdHOS/Ou/Mxby04+cwh/IHz+QMI/ZCB</latexit><latexit sha1_base64="03CO8eHGo38u0tVi3De4PGOFG5g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix4LXgQvVeyHtGvJptk2NMkuSVYoy/4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjK+mfvuJKs0ieW8mMfUFHkoWMoKNlR7ifnqXPaY3Wb9ccavuDGiZeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhNCv1Ek1jTMZ4SLuWSiyo9tPZwRk6scoAhZGyJQ2aqb8nUiy0nojAdgpsRnrRm4r/ed3EhJd+ymScGCrJfFGYcGQiNP0eDZiixPCJJZgoZm9FZIQVJsZmVLIheIsvL5PWWdVzq97teaVey+MowhEcwyl4cAF1uIYGNIGAgGd4hTdHOS/Ou/Mxby04+cwh/IHz+QMI/ZCB</latexit><latexit sha1_base64="03CO8eHGo38u0tVi3De4PGOFG5g=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVix4LXgQvVeyHtGvJptk2NMkuSVYoy/4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjK+mfvuJKs0ieW8mMfUFHkoWMoKNlR7ifnqXPaY3Wb9ccavuDGiZeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhNCv1Ek1jTMZ4SLuWSiyo9tPZwRk6scoAhZGyJQ2aqb8nUiy0nojAdgpsRnrRm4r/ed3EhJd+ymScGCrJfFGYcGQiNP0eDZiixPCJJZgoZm9FZIQVJsZmVLIheIsvL5PWWdVzq97teaVey+MowhEcwyl4cAF1uIYGNIGAgGd4hTdHOS/Ou/Mxby04+cwh/IHz+QMI/ZCB</latexit>

p2R
<latexit sha1_base64="YtbvVs7WPKNRC87PzW4cQVcsQgA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFj0WvHisYj+kXUs2zbahSXZJskJZ9ld48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcj3zO09UaRbJezONqS/wSLKQEWys9BAP0rvsMa1lg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTrNRPNI0xmeAR7VkqsaDaT+cHZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62VvJv7n9RITXvkpk3FiqCSLRWHCkYnQ7Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgLb+8Stq1qudWvduLSqOex1GEEziFc/DgEhpwA01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB+LxkGg=</latexit><latexit sha1_base64="YtbvVs7WPKNRC87PzW4cQVcsQgA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFj0WvHisYj+kXUs2zbahSXZJskJZ9ld48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcj3zO09UaRbJezONqS/wSLKQEWys9BAP0rvsMa1lg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTrNRPNI0xmeAR7VkqsaDaT+cHZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62VvJv7n9RITXvkpk3FiqCSLRWHCkYnQ7Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgLb+8Stq1qudWvduLSqOex1GEEziFc/DgEhpwA01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB+LxkGg=</latexit><latexit sha1_base64="YtbvVs7WPKNRC87PzW4cQVcsQgA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFj0WvHisYj+kXUs2zbahSXZJskJZ9ld48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcj3zO09UaRbJezONqS/wSLKQEWys9BAP0rvsMa1lg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTrNRPNI0xmeAR7VkqsaDaT+cHZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62VvJv7n9RITXvkpk3FiqCSLRWHCkYnQ7Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgLb+8Stq1qudWvduLSqOex1GEEziFc/DgEhpwA01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB+LxkGg=</latexit><latexit sha1_base64="YtbvVs7WPKNRC87PzW4cQVcsQgA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFj0WvHisYj+kXUs2zbahSXZJskJZ9ld48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcj3zO09UaRbJezONqS/wSLKQEWys9BAP0rvsMa1lg3LFrbpzoFXi5aQCOZqD8ld/GJFEUGkIx1r3PDc2foqVYYTTrNRPNI0xmeAR7VkqsaDaT+cHZ+jMKkMURsqWNGiu/p5IsdB6KgLbKbAZ62VvJv7n9RITXvkpk3FiqCSLRWHCkYnQ7Hs0ZIoSw6eWYKKYvRWRMVaYGJtRyYbgLb+8Stq1qudWvduLSqOex1GEEziFc/DgEhpwA01oAQEBz/AKb45yXpx352PRWnDymWP4A+fzB+LxkGg=</latexit>

p1R
<latexit sha1_base64="oQNKKmUUkzT//QxeJIOoaCHaeVw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cqpq20sWy2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf+gpeNUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Or6d++4kqzWJ5byYJDQQeShYxgo2VHpJ+dpc/Zl7er9bcujsDWiZeQWpQoNmvfvUGMUkFlYZwrHXXcxMTZFgZRjjNK71U0wSTMR7SrqUSC6qDbHZwjk6sMkBRrGxJg2bq74kMC60nIrSdApuRXvSm4n9eNzXRVZAxmaSGSjJfFKUcmRhNv0cDpigxfGIJJorZWxEZYYWJsRlVbAje4svLpHVW99y6d3tea1wUcZThCI7hFDy4hAbcQBN8ICDgGV7hzVHOi/PufMxbS04xcwh/4Hz+AOFskGc=</latexit><latexit sha1_base64="oQNKKmUUkzT//QxeJIOoaCHaeVw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cqpq20sWy2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf+gpeNUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Or6d++4kqzWJ5byYJDQQeShYxgo2VHpJ+dpc/Zl7er9bcujsDWiZeQWpQoNmvfvUGMUkFlYZwrHXXcxMTZFgZRjjNK71U0wSTMR7SrqUSC6qDbHZwjk6sMkBRrGxJg2bq74kMC60nIrSdApuRXvSm4n9eNzXRVZAxmaSGSjJfFKUcmRhNv0cDpigxfGIJJorZWxEZYYWJsRlVbAje4svLpHVW99y6d3tea1wUcZThCI7hFDy4hAbcQBN8ICDgGV7hzVHOi/PufMxbS04xcwh/4Hz+AOFskGc=</latexit><latexit sha1_base64="oQNKKmUUkzT//QxeJIOoaCHaeVw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cqpq20sWy2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf+gpeNUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Or6d++4kqzWJ5byYJDQQeShYxgo2VHpJ+dpc/Zl7er9bcujsDWiZeQWpQoNmvfvUGMUkFlYZwrHXXcxMTZFgZRjjNK71U0wSTMR7SrqUSC6qDbHZwjk6sMkBRrGxJg2bq74kMC60nIrSdApuRXvSm4n9eNzXRVZAxmaSGSjJfFKUcmRhNv0cDpigxfGIJJorZWxEZYYWJsRlVbAje4svLpHVW99y6d3tea1wUcZThCI7hFDy4hAbcQBN8ICDgGV7hzVHOi/PufMxbS04xcwh/4Hz+AOFskGc=</latexit><latexit sha1_base64="oQNKKmUUkzT//QxeJIOoaCHaeVw=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cqpq20sWy2m3bp7ibsboQS8iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf+gpeNUEeqTmMeqE2JNOZPUN8xw2kkUxSLktB2Or6d++4kqzWJ5byYJDQQeShYxgo2VHpJ+dpc/Zl7er9bcujsDWiZeQWpQoNmvfvUGMUkFlYZwrHXXcxMTZFgZRjjNK71U0wSTMR7SrqUSC6qDbHZwjk6sMkBRrGxJg2bq74kMC60nIrSdApuRXvSm4n9eNzXRVZAxmaSGSjJfFKUcmRhNv0cDpigxfGIJJorZWxEZYYWJsRlVbAje4svLpHVW99y6d3tea1wUcZThCI7hFDy4hAbcQBN8ICDgGV7hzVHOi/PufMxbS04xcwh/4Hz+AOFskGc=</latexit>
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y1d
<latexit sha1_base64="PMdkXtooU67X0dtBtw4lkvvKSBY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9kPaWDabTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3sz83hNVmsXy3mQJ9QUeSxYxgo2VHrJRHhaPuVeM6g236c6BVolXkgaUaI/qX8MwJqmg0hCOtR54bmL8HCvDCKdFbZhqmmAyxWM6sFRiQbWfzw8u0JlVQhTFypY0aK7+nsix0DoTge0U2Ez0sjcT//MGqYmu/ZzJJDVUksWiKOXIxGj2PQqZosTwzBJMFLO3IjLBChNjM6rZELzll1dJ96LpuU3v7rLRuizjqMIJnMI5eHAFLbiFNnSAgIBneIU3RzkvzrvzsWitOOXMMfyB8/kDCryQgQ==</latexit><latexit sha1_base64="PMdkXtooU67X0dtBtw4lkvvKSBY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9kPaWDabTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3sz83hNVmsXy3mQJ9QUeSxYxgo2VHrJRHhaPuVeM6g236c6BVolXkgaUaI/qX8MwJqmg0hCOtR54bmL8HCvDCKdFbZhqmmAyxWM6sFRiQbWfzw8u0JlVQhTFypY0aK7+nsix0DoTge0U2Ez0sjcT//MGqYmu/ZzJJDVUksWiKOXIxGj2PQqZosTwzBJMFLO3IjLBChNjM6rZELzll1dJ96LpuU3v7rLRuizjqMIJnMI5eHAFLbiFNnSAgIBneIU3RzkvzrvzsWitOOXMMfyB8/kDCryQgQ==</latexit><latexit sha1_base64="PMdkXtooU67X0dtBtw4lkvvKSBY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9kPaWDabTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3sz83hNVmsXy3mQJ9QUeSxYxgo2VHrJRHhaPuVeM6g236c6BVolXkgaUaI/qX8MwJqmg0hCOtR54bmL8HCvDCKdFbZhqmmAyxWM6sFRiQbWfzw8u0JlVQhTFypY0aK7+nsix0DoTge0U2Ez0sjcT//MGqYmu/ZzJJDVUksWiKOXIxGj2PQqZosTwzBJMFLO3IjLBChNjM6rZELzll1dJ96LpuU3v7rLRuizjqMIJnMI5eHAFLbiFNnSAgIBneIU3RzkvzrvzsWitOOXMMfyB8/kDCryQgQ==</latexit><latexit sha1_base64="PMdkXtooU67X0dtBtw4lkvvKSBY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9kPaWDabTbt0dxN2N0II+RVePCji1Z/jzX/jts1BWx8MPN6bYWZekHCmjet+O5W19Y3Nrep2bWd3b/+gfnjU1XGqCO2QmMeqH2BNOZO0Y5jhtJ8oikXAaS+Y3sz83hNVmsXy3mQJ9QUeSxYxgo2VHrJRHhaPuVeM6g236c6BVolXkgaUaI/qX8MwJqmg0hCOtR54bmL8HCvDCKdFbZhqmmAyxWM6sFRiQbWfzw8u0JlVQhTFypY0aK7+nsix0DoTge0U2Ez0sjcT//MGqYmu/ZzJJDVUksWiKOXIxGj2PQqZosTwzBJMFLO3IjLBChNjM6rZELzll1dJ96LpuU3v7rLRuizjqMIJnMI5eHAFLbiFNnSAgIBneIU3RzkvzrvzsWitOOXMMfyB8/kDCryQgQ==</latexit>

yKd
<latexit sha1_base64="KB73ehow+eOhX5xdCoDGint5aq8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF8FLBfshbSybzaZdursJuxuhhPwKLx4U8erP8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTK5nfveJKs1ieW+mCfUFHkkWMYKNlR6mwyzMH7PbfFituXV3DrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4zSuDVNMEkwke0b6lEguq/Wx+cI7OrBKiKFa2pEFz9fdEhoXWUxHYToHNWC97M/E/r5+a6MrPmExSQyVZLIpSjkyMZt+jkClKDJ9agoli9lZExlhhYmxGFRuCt/zyKulc1D237t01as1GEUcZTuAUzsGDS2jCDbSgDQQEPMMrvDnKeXHenY9Fa8kpZo7hD5zPHzI+kJs=</latexit><latexit sha1_base64="KB73ehow+eOhX5xdCoDGint5aq8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF8FLBfshbSybzaZdursJuxuhhPwKLx4U8erP8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTK5nfveJKs1ieW+mCfUFHkkWMYKNlR6mwyzMH7PbfFituXV3DrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4zSuDVNMEkwke0b6lEguq/Wx+cI7OrBKiKFa2pEFz9fdEhoXWUxHYToHNWC97M/E/r5+a6MrPmExSQyVZLIpSjkyMZt+jkClKDJ9agoli9lZExlhhYmxGFRuCt/zyKulc1D237t01as1GEUcZTuAUzsGDS2jCDbSgDQQEPMMrvDnKeXHenY9Fa8kpZo7hD5zPHzI+kJs=</latexit><latexit sha1_base64="KB73ehow+eOhX5xdCoDGint5aq8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF8FLBfshbSybzaZdursJuxuhhPwKLx4U8erP8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTK5nfveJKs1ieW+mCfUFHkkWMYKNlR6mwyzMH7PbfFituXV3DrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4zSuDVNMEkwke0b6lEguq/Wx+cI7OrBKiKFa2pEFz9fdEhoXWUxHYToHNWC97M/E/r5+a6MrPmExSQyVZLIpSjkyMZt+jkClKDJ9agoli9lZExlhhYmxGFRuCt/zyKulc1D237t01as1GEUcZTuAUzsGDS2jCDbSgDQQEPMMrvDnKeXHenY9Fa8kpZo7hD5zPHzI+kJs=</latexit><latexit sha1_base64="KB73ehow+eOhX5xdCoDGint5aq8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF8FLBfshbSybzaZdursJuxuhhPwKLx4U8erP8ea/cdvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTK5nfveJKs1ieW+mCfUFHkkWMYKNlR6mwyzMH7PbfFituXV3DrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4zSuDVNMEkwke0b6lEguq/Wx+cI7OrBKiKFa2pEFz9fdEhoXWUxHYToHNWC97M/E/r5+a6MrPmExSQyVZLIpSjkyMZt+jkClKDJ9agoli9lZExlhhYmxGFRuCt/zyKulc1D237t01as1GEUcZTuAUzsGDS2jCDbSgDQQEPMMrvDnKeXHenY9Fa8kpZo7hD5zPHzI+kJs=</latexit>

y0R = p1 + ub

bR =
1

T

KX

k=1

pkR�t

while :

do :

kũR � uRkU > �u

kb̃R � bRkB > �b
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SHORT TERM CHALLENGES

Theoretical: 

• Developing proof of stability for Forward & Adjoint Problem 

• Developing a-posteriori Error Bounds for different space-time schemes 

Implementation:  

• Modelling space-time Sensors 

• Developing space-time Orthogonal Matching Pursuit 

• Developing space-time CG-P1 (Crank-Nicholson) discretisation
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THANK YOU FOR YOUR ATTENTION
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4D-VAR (    ): PARAMETER ESTIMATIONµ
<latexit sha1_base64="pRRQfJeq7yCeSsnQp3Asf62Bt94=">AAACDnicbVC7TsMwFHV4lvIKMLJEVJUYqshBQGGrxMJYJPqQkqhyXKe1aieR7SBVUb6AhV9hYQAhVmY2/gY3zQAtR7J8fM699vUJEkalgvDbWFldW9/YrGxVt3d29/bNg8OujFOBSQfHLBb9AEnCaEQ6iipG+okgiAeM9ILJzczvPRAhaRzdq2lCfI5GEQ0pRkpLA7OeecUlLubTiZ9B+/qiAe3LZgPqDTp55vE0zwdmTZ8KWMvEKUkNlGgPzC9vGOOUk0hhhqR0HZgoP0NCUcxIXvVSSRKEJ2hEXE0jxIn0s2KS3KprZWiFsdArUlah/u7IEJdyygNdyZEay0VvJv7nuakKr/yMRkmqSITnD4Ups1RszbKxhlQQrNhUE4QF1bNaeIwEwkonWNUhOItfXibdM9uBtnN3Xms1yzgq4BicgFPggCZogVvQBh2AwSN4Bq/gzXgyXox342NeumKUPUfgD4zPHxNDmik=</latexit><latexit sha1_base64="pRRQfJeq7yCeSsnQp3Asf62Bt94=">AAACDnicbVC7TsMwFHV4lvIKMLJEVJUYqshBQGGrxMJYJPqQkqhyXKe1aieR7SBVUb6AhV9hYQAhVmY2/gY3zQAtR7J8fM699vUJEkalgvDbWFldW9/YrGxVt3d29/bNg8OujFOBSQfHLBb9AEnCaEQ6iipG+okgiAeM9ILJzczvPRAhaRzdq2lCfI5GEQ0pRkpLA7OeecUlLubTiZ9B+/qiAe3LZgPqDTp55vE0zwdmTZ8KWMvEKUkNlGgPzC9vGOOUk0hhhqR0HZgoP0NCUcxIXvVSSRKEJ2hEXE0jxIn0s2KS3KprZWiFsdArUlah/u7IEJdyygNdyZEay0VvJv7nuakKr/yMRkmqSITnD4Ups1RszbKxhlQQrNhUE4QF1bNaeIwEwkonWNUhOItfXibdM9uBtnN3Xms1yzgq4BicgFPggCZogVvQBh2AwSN4Bq/gzXgyXox342NeumKUPUfgD4zPHxNDmik=</latexit><latexit sha1_base64="pRRQfJeq7yCeSsnQp3Asf62Bt94=">AAACDnicbVC7TsMwFHV4lvIKMLJEVJUYqshBQGGrxMJYJPqQkqhyXKe1aieR7SBVUb6AhV9hYQAhVmY2/gY3zQAtR7J8fM699vUJEkalgvDbWFldW9/YrGxVt3d29/bNg8OujFOBSQfHLBb9AEnCaEQ6iipG+okgiAeM9ILJzczvPRAhaRzdq2lCfI5GEQ0pRkpLA7OeecUlLubTiZ9B+/qiAe3LZgPqDTp55vE0zwdmTZ8KWMvEKUkNlGgPzC9vGOOUk0hhhqR0HZgoP0NCUcxIXvVSSRKEJ2hEXE0jxIn0s2KS3KprZWiFsdArUlah/u7IEJdyygNdyZEay0VvJv7nuakKr/yMRkmqSITnD4Ups1RszbKxhlQQrNhUE4QF1bNaeIwEwkonWNUhOItfXibdM9uBtnN3Xms1yzgq4BicgFPggCZogVvQBh2AwSN4Bq/gzXgyXox342NeumKUPUfgD4zPHxNDmik=</latexit><latexit sha1_base64="pRRQfJeq7yCeSsnQp3Asf62Bt94=">AAACDnicbVC7TsMwFHV4lvIKMLJEVJUYqshBQGGrxMJYJPqQkqhyXKe1aieR7SBVUb6AhV9hYQAhVmY2/gY3zQAtR7J8fM699vUJEkalgvDbWFldW9/YrGxVt3d29/bNg8OujFOBSQfHLBb9AEnCaEQ6iipG+okgiAeM9ILJzczvPRAhaRzdq2lCfI5GEQ0pRkpLA7OeecUlLubTiZ9B+/qiAe3LZgPqDTp55vE0zwdmTZ8KWMvEKUkNlGgPzC9vGOOUk0hhhqR0HZgoP0NCUcxIXvVSSRKEJ2hEXE0jxIn0s2KS3KprZWiFsdArUlah/u7IEJdyygNdyZEay0VvJv7nuakKr/yMRkmqSITnD4Ups1RszbKxhlQQrNhUE4QF1bNaeIwEwkonWNUhOItfXibdM9uBtnN3Xms1yzgq4BicgFPggCZogVvQBh2AwSN4Bq/gzXgyXox342NeumKUPUfgD4zPHxNDmik=</latexit>

Two levels optimisation problem. It can be quite expensive to solve, hence 
we provide surrogate cost functions       for the parameters estimation:J�

J�
1 =

�

2

KX

k=1

kdkR(µ)k2Y

min
µ2D

min
uR2UR
bR2BR

1

2
kuR(µ)� ubk2U +

1

2
kbR(µ)k2B +

�

2

KX

k=1

k⇧⌧y
k
R(µ)� ykd| {z }
dk
R(µ)

k2Y �t

J�
2 =

�

2

KX

k=1

kdkR(µ)k2Y +
1

2
kuR(µ)� ubk2U
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PRELIMINARY RESULTS

Model: 
• 3 Possible initial conditions 

• Known convection field  

• Diffusivity 

• Dictionary of sensors on a regular grid

µ 2 [10, 50]
<latexit sha1_base64="e8aiYghoP87gaohO3D4DquaftWk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISqeiy4MZlBVsLTSiT6aQdOpmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65d+beE2WcKe15305pbX1jc6u8XdnZ3duvugeHHZUaSWibpDyV3Qgrypmgbc00p91MUpxEnD5E45uZ//BIpWKpuNeTjIYJHgoWM4K1lfpuNUgMCphAPd87v/TCvlvz6t4caJX4BalBgVbf/QoGKTEJFZpwrJR9J9NhjqVmhNNpJTCKZpiM8ZD2LBU4oSrM54tP0alVBihOpS2h0Vz9PZHjRKlJEtnOBOuRWvZm4n9ez+j4OsyZyIymgiw+ig1HOkWzFNCASUo0n1iCiWR2V0RGWGKibVYVG4K/fPIq6VzUfa/u3zVqzUYRRxmO4QTOwIcraMIttKANBAw8wyu8OU/Oi/PufCxaS04xcwR/4Hz+AGV0kY4=</latexit><latexit sha1_base64="e8aiYghoP87gaohO3D4DquaftWk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISqeiy4MZlBVsLTSiT6aQdOpmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65d+beE2WcKe15305pbX1jc6u8XdnZ3duvugeHHZUaSWibpDyV3Qgrypmgbc00p91MUpxEnD5E45uZ//BIpWKpuNeTjIYJHgoWM4K1lfpuNUgMCphAPd87v/TCvlvz6t4caJX4BalBgVbf/QoGKTEJFZpwrJR9J9NhjqVmhNNpJTCKZpiM8ZD2LBU4oSrM54tP0alVBihOpS2h0Vz9PZHjRKlJEtnOBOuRWvZm4n9ez+j4OsyZyIymgiw+ig1HOkWzFNCASUo0n1iCiWR2V0RGWGKibVYVG4K/fPIq6VzUfa/u3zVqzUYRRxmO4QTOwIcraMIttKANBAw8wyu8OU/Oi/PufCxaS04xcwR/4Hz+AGV0kY4=</latexit><latexit sha1_base64="e8aiYghoP87gaohO3D4DquaftWk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISqeiy4MZlBVsLTSiT6aQdOpmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65d+beE2WcKe15305pbX1jc6u8XdnZ3duvugeHHZUaSWibpDyV3Qgrypmgbc00p91MUpxEnD5E45uZ//BIpWKpuNeTjIYJHgoWM4K1lfpuNUgMCphAPd87v/TCvlvz6t4caJX4BalBgVbf/QoGKTEJFZpwrJR9J9NhjqVmhNNpJTCKZpiM8ZD2LBU4oSrM54tP0alVBihOpS2h0Vz9PZHjRKlJEtnOBOuRWvZm4n9ez+j4OsyZyIymgiw+ig1HOkWzFNCASUo0n1iCiWR2V0RGWGKibVYVG4K/fPIq6VzUfa/u3zVqzUYRRxmO4QTOwIcraMIttKANBAw8wyu8OU/Oi/PufCxaS04xcwR/4Hz+AGV0kY4=</latexit><latexit sha1_base64="e8aiYghoP87gaohO3D4DquaftWk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1ISqeiy4MZlBVsLTSiT6aQdOpmEeQg19EvcuFDErZ/izr9x2mahrQcuHM65d+beE2WcKe15305pbX1jc6u8XdnZ3duvugeHHZUaSWibpDyV3Qgrypmgbc00p91MUpxEnD5E45uZ//BIpWKpuNeTjIYJHgoWM4K1lfpuNUgMCphAPd87v/TCvlvz6t4caJX4BalBgVbf/QoGKTEJFZpwrJR9J9NhjqVmhNNpJTCKZpiM8ZD2LBU4oSrM54tP0alVBihOpS2h0Vz9PZHjRKlJEtnOBOuRWvZm4n9ez+j4OsyZyIymgiw+ig1HOkWzFNCASUo0n1iCiWR2V0RGWGKibVYVG4K/fPIq6VzUfa/u3zVqzUYRRxmO4QTOwIcraMIttKANBAw8wyu8OU/Oi/PufCxaS04xcwR/4Hz+AGV0kY4=</latexit>

Assumptions: 

• Exact position of sensors 

• Uncertainty only due to IC and Noise  

• No model bias


