
REDUCED BASIS METHODS FOR INITIAL CONDITION ESTIMATION: 
APPLICATION TO TRANSPORT OF CONTAMINANT
15/06/2021

Francesco A.B. Silva1 , Nicole Aretz2, Martin Grepl3, Karen Veroy-Grepl1

1 Centre for Analysis, Scientific Computing and Applications, M&CS, TU\e
2 AICES Graduate School, RWTH Aachen University
3 IGPM Numerical Mathematics, RWTH Aachen University



RESEARCH TEAM

Reduced Basis Methods for Initial Conditions Estimation  – Acknowledgment2

Karen Veroy

Nicole Aretz

Martin Grepl

FINANCIAL SUPPORT

ERC-818473 : 
work supported by the European 
Research Council (ERC) under the 
European Union’s Horizon 2020 
research and innovation program

DFG Grant IRTG-2379:
work supported by the Deutsche 
Forschungsgemeinschaft

Francesco Silva



DATA ASSIMILATION

Reduced Basis Methods for Initial Conditions Estimation  – Introduction3



MOTIVATION FOR DATA ASSIMILATION

Reduced Basis Methods for Initial Conditions Estimation  – Motivation4

METEREOLOGY

• Weather forecast
• Air pollution studies
• … 

HYDROLOGY

• Ground water management
• Transport of contaminants 
• … 

[Fig1]

[Fig2]



Reduced Basis Methods for Initial Conditions Estimation  – State of the Art5

VARIATIONAL DATA ASSIMILATION 

GOAL OF THE METHOD

• State forecasting

• Parameter estimation

• IC/BC estimation

STATE OF THE ART

• Reduced Order Modelling

• A posteriori error bounds

• Optimal sensor location

[D. N. Daescu et al. 2006]

[M. Kärcher et al. 2018]

[P. Binev et al 2019]
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Reduced Basis Methods for Initial Conditions Estimation  – Requirements6

VARIATIONAL DATA ASSIMILATION  – WHAT DO WE NEED?

ON THE MODEL SIDE

• Model of the physical system

• A Data Assimilation scheme

• Model of the observation process

ON THE EXPERIMENTAL SIDE

• Measurements

• Noise properties

Parametric PDE    : 𝐴𝜇𝑥 = 𝑏𝜇

4D-VAR

Linear functional :  𝐿𝑥 = 𝑚

(1)

(2)

(3)

Experimental data :  𝑑 = 𝐿𝑥TRUE + 𝜖

Noise                      ,:    𝜖~𝑁(0, Σ)



Reduced Basis Methods for Initial Conditions Estimation  – Parabolic Parametric PDEs7

PARABOLIC PARAMETRIC PDEs - A SPACE-TIME APPROACH

𝑎𝜇 𝑥, 𝜓 = 𝑓𝜇
bk 𝜓 + 𝑏𝜇 𝑢,𝜓 ∀𝜓 ∈ 𝒴

SPACE-TIME WEAK MODEL

ሶ𝑥 𝑡 + 𝐶𝜇𝑥 𝑡 = 𝑔𝜇 𝑡 in 𝒱′, a. e. 𝑡 ∈ 𝐼 ≔ 0, 𝑇 with 𝒱 ↪ ℋ ≡ ℋ′ ↪ 𝒱′ Gelfand triple

𝑥 0 = 𝑢 in ℋ

from which the variational formulation:

that can be rewritten as:

𝑥 ∈ 𝒳 ≔ 𝐿2 𝐼, 𝒱 ∩ 𝐻1 𝐼, 𝒱′ , 𝑢 ∈ 𝒰 ⊂ ℋ

න
𝐼

ሶ𝑥 𝑡 + 𝐶𝜇𝑥 𝑡 , 𝜂 𝑡
ℋ
𝑑𝑡 = න

𝐼

𝑔𝜇 𝑡 , 𝜂(𝑡)
ℋ
𝑑𝑡 ∀ 𝜂 𝑡 ∈ 𝐿2(𝐼, 𝒱)

𝑥 0 , 𝜉 ℋ = 𝑢, 𝜉 ℋ ∀ 𝜉 ∈ ℋ

𝒴𝜓



Reduced Basis Methods for Initial Conditions Estimation  – Strong 4D-VAR8

STRONG 4D-VAR  – AN OPTIMAL CONTROL PROBLEM

min
𝑢∈𝒰

ℐ 𝑢 | 𝜇, 𝑑 ≔
1

2
𝐿𝑥 − 𝑑 𝒵

2 +
𝜆

2
𝑢 𝒰

2 s.t. 𝑎𝜇 𝑥, 𝜓 = 𝑓𝜇
bk 𝜓 + 𝑏𝜇 𝑢,𝜓 ∀𝜓 ∈ 𝒴

MISFIT STABILIZATION MODEL
where:

𝑑 ∈ 𝒵 :    Measurements

𝑢 ∈ 𝒰 :    Initial conditions

𝑥 ∈ 𝒳 :    Bochner state

we assume:

𝑑 = 𝐿𝑥TRUE + 𝜖 with noise 𝜖~𝑁(0, Σ)

𝜆 ∶
depends on the trust we
have in the prior knowledge !
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STABILITY OF THE MINIMIZATION PROBLEM

Given this structure of the minimization problem, we can prove that:

𝑢 𝑑 + 𝜖 − 𝑢(𝑑) 𝒰 ≤
𝜖 𝒵

2𝜆 + 𝛽𝐿
2(𝜇)𝜂2(𝜇)

Where:

𝛽𝐿 𝜇 ≔ inf
𝑢∈𝒰

𝐿𝑥 𝑢 𝜇) 𝒵

𝑢 𝒰

𝜂 𝜇 ≔ inf
𝑢∈𝒰

𝑥 𝑢 𝜇) 𝒳

𝑢 𝒰

Observability

Sensibility to ICs

depends on the experimental design

depends on the described physics

STABILITY BOUND

WE CAN ACT ON THIS 
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MEASUREMENT MODEL  - MULTIPLE DATA COLLECTION

We describe the whole measuring process as a collection of sensors ℓ𝐽,𝐾(∙) :

𝑡
𝜎𝐾

𝑡𝑖 𝑡𝑓

𝐿 𝜉 = ℓ1,1 𝜉 ,… , ℓ𝐽,𝐾 𝜉 ∶ 𝐿2 𝐼, 𝒱 → ℝ𝐽×𝐾

Each sensor performs the weighted average:

ℓ𝐽,𝐾 𝜉 = න
𝐼

න
Ω

𝜉 𝒓, 𝑡 ∙ 𝜌𝐽 𝒓 ∙ 𝜎𝐾 (t) dΩ d𝑡

𝑡



Reduced Basis Methods for Initial Conditions Estimation  – Motivation11

IMPROVE SYSTEM OBSERVABILITY   - GREEDY OMP

START:
configuration 𝜇1

𝑢𝐾 ← argmin
𝑢∈𝒰

𝐿𝑥𝑅 𝑢 𝜇𝐾) 𝒵

𝑢 𝒰

STOP:
observation 
operator 𝐿

𝐿 ← [𝐿, ℓ𝐾],  𝐾++𝜇𝐾 ← argmin
𝜇∈𝒟

𝛽𝐿 𝜇

WORSE OBSERVED IC SENSOR SELECTION

UPDATE STEPGREEDY STEP

if  𝛽𝐿 𝜇𝐾 ≤ 𝜀

ℓ𝐾 ← argmax
ℓ∈ℒ

[𝐿, ℓ]𝑥𝑅,𝐾 𝒵



ADVECTION-DISPERSION PROBLEM

Reduced Basis Methods for Initial Conditions Estimation  – Transport Practical Problem12



Reduced Basis Methods for Initial Conditions Estimation  – Advection-Dispersion Problem13

ADVECTION-DISPERSION PROBLEM

𝜕𝑥

𝜕𝑡
−
∆𝑥 𝑡

𝜇
+ 𝒗 ∙ 𝛁𝑥 𝑡 = 0 on Ω ≔ (−1,+1)2 with 𝒗 =

+sin(𝜋𝑥1)cos(𝜋𝑥2)
−cos(𝜋𝑥1)sin(𝜋𝑥2)

𝑥 0 = 𝑢

We consider:

• 3 initial conditions

• 88 sensor locations

• 160 activations per sensor

• 𝑡 ∈ (0, 8)

• 𝜇 ∈ 10, 50

𝑢2

𝑢1

𝑢3

Γ𝑁

Γ𝐷
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MODEL ORDER REDUCTION

Employing the weak-greedy-POD approach we
construct a Reduced Basis space of size 96 :

dofs spatial discretization  = 10100     (P2-P2 G)

dofs time discretization r = 801         (P1-P0 PG)

training set size = 3 x 80

training time      = 315s

The effectivity of the bound is independent from 

the space dimension and doesn’t exceed a factor 10
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SENSOR SELECTION

Thanks to the RB model we can efficiently select nearly optimal sensor locations
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VISUALIZATION ON THE SOLUTIONS
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CONCLUSIONS
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Reduced Basis Methods for Initial Conditions Estimation  – Conclusions18

WHAT HAVE WE ALREADY DONE?

• We developed an effective error bound for coercive parabolic problems

• We implemented a greedy-POD algorithm for the reduction of the problem

• We extended the greedy-OMP algorithm to space-time states

WHAT ARE WE STILL WORKING ON?

• We are testing a 4D-VAR solver based on a Lagrange optimization scheme

• We are improving an error bound for the adjoint problem

• We are developing a gradient free scheme to solve the 4D-VAR problem 
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THANK YOU FOR YOUR ATTENTION!

Reduced Basis Methods for Initial Conditions Estimation  – Thank you!20



QUESTION TIME!

Reduced Basis Methods for Initial Conditions Estimation  – Question time!21


